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A HARNACK’S INEQUALITY FOR MIXED TYPE EVOLUTION 

EQUATIONS 

FABIO PARONETTO 


Abstract. We define a homogeneous parabolic De Giorgi classes of order 2 which suits a mixed 
type class of evolution equations whose simplest example is — Au = 0 where u can be 

positive, null and negative, so in particular elliptic-parabolic and forward-backward parabolic 
equations are included. For functions belonging to this class we prove local boundedness and 
show a Harnack inequality which, as by-products, gives Holder-continuity, in particular in the 
interface I where u change sign, and a maximum principle. 
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1. Introduction 


The purpose of this paper is to study problems related to equations of mixed type whose 
simplest example may be 

du 

(1) /i(x)— — Au = 0 in O x (0, T) 

where g is a function changing sign and possibly taking also the value zero in some region of 
positive measure, H an open subset of R" and T > 0. This means that the equation can be 
forward parabolic in a subregion x (0,T), backward parabolic in another subregion x 

(0, T ) and also a family of elliptic equations depending on the parameter t in a third subregion 
x (0,T) of fi x (0,T). For the existence of solutions to such equations we refer to [2S] and 
the forthcoming paper [21]. In these papers coefficient /t is considered depending also on time, 
but here we confine to /r depending only on the spatial variable. 

We want to remember that equations of this kind were already been considered, but always in 
some simple cases. We recall, among the many papers about mixed type equations, [2] and [22], 
were the two following equations are considered 


du d 2m u 
dt dx 2m 


0 (m ^ 1, m € N) 


, du d 2 u 

agnix) m-a^ + ku 


1 , 
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and one of the many cases considered by Beals, [3j, where the following equation is considered 


du d 
X dt dx 




= 0 


and, for a general situation like that we consider in [25] and [23], but confined to /x ^ 0, we 
recall [28] . 

For the many applications we refer to [28] and [24] and the references therein. 

To come back to the content of the present paper, we give a Harnack type inequality (see 
Theorem o and Theorem 17.21) for a wide class of functions belonging to a proper De Giorgi 
class. By this result, on one side we give a generalized Harnack inequality which includes the 
classical ones for elliptic equations and for parabolic equations, on the other we study regularity 
and maximum principles of solutions of equations like ([T]) ; in particular we get some local Holder 
continuity on the interfaces where ^ change sign (see the examples at the end of the paper). 
We recall that a result of regularity in a very general setting was already considered in m and 
[24] , but this regards only regularity in time. 

Just to avoid to confine to consider equations with [i : H —» {—1,0,1} and, on the contrary, 
to consider also, for instance, continuous, one is forced to consider weighted spaces. For this 
reason we consider a more general De Giorgi class suitably defined to contain quasi-minima (see 
Section |4]) for the equation 

du 

(2) (i— — div(A Du) = 0 in H x (0, T) 

with n and A functions in L|' oc (D), A > 0 while /j is valued in R. Indeed the De Giorgi class we 
consider contains also solutions of more general equations, like 

du 

(3) /j,(x) — — divH(x, t, u, Du) = B(x, t, u, Du) 
with (L ^ 1, M > 0) 

(A(x,t,u,Du), Du) ^ A(x)|.Du| 2 , 

(4) \A(x, t, u, Du)\ ^ L X(x)\Du \, 

| B(x, t, u, Du) | ^ M A(x)|-Du| . 


To give our main result we follow [8] and El, but we want to stress that the De Giorgi class we 
consider is different from the one considered in those papers, also when fj, = 1 and that not only 
because of the more complicate nature of the equations we consider (the reason lies in Lemma 

m - 

Since our class contains parabolic quasi-minima we want recall that quasi-minima or quasi- 
minimizers (briefly Q-minima) were introduced by Giaquinta and Giusti in [16] , where they 
prove local Holder continuity extending the result due to De Giorgi for the solution of elliptic 
equations, while Harnack inequality for quasi-minima was proved by DiBenedetto and Trudinger 
in [TO] . In the parabolic setting the definition of quasi-minima is due to Wieser (see [32]), who 
proves Holder continuity for a suitable parabolic De Giorgi class. 

Going back to degenerate elliptic and parabolic equations, where by “degenerate” we mean 
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where some weights are involved like in ([2]), we precise that we consider p and A such that 


IHa := 


H if M ^ 0, 

A if p = 0 


and A 


are Muckenhoupt weights, 


a class of weights we introduce in Section [2j Precisely |^|a € Aoo and A E A 2 . Moreover we 
assume a condition relating \p\\ and A, assumption (H.2), which is the existence of two constants 
q > 2 and K > 0 such that (x E R n , p > r > 0) 

( \B r (x)\ \ l/n np\x(B r (x)) \ 1/q f X(B r (x)) A ~ 1/2 
1 j V|B P (x)|; \J/x|a( 5 p (*)),/ \X (B p (x))J " ' 

We stress that we are forced to introduce the weight \p\\ extending \p\ because the weight \p\ 
could be zero in some region with positive measure and in that case the measure associated to 
\p\, even if non-negative, would not be doubling. We recall that u E L 1 * oc (fl), ui : fl —>• [0,+ 00 ], 
satisfies a doubling condition if there is a positive constant c such that 


a j(B 2r (x 0 )) < cuj(B r (x 0 )) 

for every xq € 12 and r > 0 such that B 2 T {xq) C (and where u)(A) denotes f A oj(x)dx). As¬ 
sumption we need for the weights \p\\ and A are summarized in (H.l), (H.2), (H.3), (H.4) in 
Section [H In particular (H.4) gives also a condition about the geometry of the interface sepa¬ 
rating the regions f2+ = {p > 0},Ho = {p = 0},H_ = {p < 0}, condition which turns out to 
be sufficient to get the Harnack inequality. We do not know if this is sharp and are not able to 
give a counterexample to this condition. 

Harnack’s inequality for parabolic equations was first proved separately by Hadamard and Pini 
in 1954 just for the heat equations, then Moser, Aronson, Serrin, Trudinger gave some general¬ 
izations of this result. But among the many papers studying Harnack’s inequality and regularity 
of partial differential equations, both parabolic and elliptic, we confine to mention some papers 
regarding degenerate cases similar to the one we are considering, referring also to the references 
contained in them for the more classical results. 

First we recall HB where for the first time, at least for our knowledge, a Muckenhoupt condition 
on A, and precisely A E A2, was consider to study regularity of the solutions of equations like 


div(A Du) = 0 

or more generally div(a • Du) = 0 where a satisfies 

A(z)|£| 2 ^ (a(x) • £,£) A(x)|£| 2 

In this regard we also recall [30] and m, where some sommability conditions, and not some 
local conditions, on the weight were requested. 

As regards the parabolic case, we recall that equations like ([2]) are considered in [5], where p = 1 
is considered, and in |7], where p = A is considered. In both these papers a condition A 2 on 
the weight A is considered, when p = 1 to show that L°° bounds and Harnack inequality are 
impossible, in the second paper where p = A to show L°° bounds and a Harnack inequality. To 
get the Harnack inequality with p = la stronger request has to be made, i.e. A has to belong 
to A 1+2 /n which is a proper subclass of A 2 (see |6]). 

A more recent paper we mention about linear elliptic equation with principal part in divergence 
form [21], where the matrix a defining the principal part satisfies 

(6) Ai(x)|£| 2 ^ (a(x,t) ■£,£) ^ A 2 (x)|£| 2 , 
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but satisfying © with Ai in the place of A and A 2 in the place of \p\x', this implies the Sobolev- 
Poincare inequality 


u{B p 


11/9 

\u(x)\ q \ 2 (x)dx ^Cp 


1 Bo 


u(B p 


\Du(x)\ 2 \\(x)dx 


1 Bo 


1/2 


for every Lipschith function with either support contained in B p or with null mean value. About 
parabolic equations with some p in front of dt we also mention [ 20 ] . where an equation with 
/x = A is considered, pE], where the author considers pdtu — div (a (x, t)Z>u) = 0 with a satisfying 
©, and jTHj where Ai and A2 are depending also on time. Finally we quote the recent paper 
[29], where the technique used is the one developed by DiBenedetto, Gianazza and Vespri in [S] 
and m (see also [9] for a result regarding non-linear equations) and the result is analogous to 
that in [ 6 ], but it concerns monotone operators with (p — l)-growth and the condition about A 
is 

Coming back to our result, we want to stress that our condition (H.2) on the pair (|/x|a, A) simply 
reduces to require A £ A 2 when /x = A, while is sharp to get, among the Muckenhoupt weights, 
A € Ai + 2 / n when p = 1 (for this see Remark 12.71 point £>, and Remark 12.81) . so our result cover 
the result obtained in [7] and [ 6 ] and, confining to /x > 0 almost everywhere, generalizes them 
to doubly weighted parabolic equations. 

As regards some result concerning mixed type equations we want to recall a recent result con¬ 
tained in [Tj, where the authors prove Holder continuity for the limit of a family of functions, 
the solutions (xi e ) e >0 of a class of parabolic equations like 


dt(u e u) — div (u e a(x, t)Du ) = 0 , 


with a satisfying © with Ai and A 2 positive constants and co e = 1 in one region, ui e = e in 
another. 


Before concluding the introduction we want to stress some difficulties and some interesting thing 
regarding the main results (Theorem 17.11 and Theorem 17.21) . A first comment is the following: 
given a ball B p (x 0 ) C H and once defined B+(x 0 ) := B p (x 0 )n{p > 0}, B~(x 0 ) := B p (x 0 ) n{/x < 
0}, B Q p (x 0 ) := B p (x 0 ) n{/z = 0}, we (in particular) show there is a positive constant c such that 
for every u in a proper class 

u(x,t 0 + dp 2 if xeB+( Xo ) 

u (x, t 0 -dp 2 if x € B p (x 0 ) 

u(x,t 0 ) if x E B®(x 0 )- 

Notice that the temporal interval where p 7 ^ 0 is proportional to 

2 IHa (B p (x 0 )) 

A (B p (x 0 )) 

where (/x + and p- the positive and negative parts of p) 


u(x 0 ,t 0 ) ^ c inf < 
B p (x 0 ) 


\p\x(B p (x 0 )) = p + (B+(x 0 )) + P-{B p (x„)) + A (B 0 p (x o )); 


what we want to stress is then that the natural temporal delay, for instance where p > 0 , 
depends also on the measure of the regions where p < 0 and p = 0 . 
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This causes a difficulty in proving our result, in particular Theorem rm because the natural 
cylinders are alike 


B p (x) x 


(t, t + p 2 


\p\\{Bp(x)) A 

A (B p (x)) ) 


and so (in general) it not true that 


B r (x) x 


(t,t + r 2 


I^U(-Br(g)) \ 

A (B r (x)) ) 


C B r {x) x 


(t, t + R 2 


Ha (B r (x)) \ 

A (B R (x)) ) 5 


with 0 < r < R. 


Other natural difficulties are due to the equation, which can change its nature around an inter¬ 
face, and so every result used by DiBenedetto, Gianazza and Vespri is to be suitably modified 
and adapted. 

The paper is organized as follows: in Section [2] we introduce the class of Muchenhoupt weights 
and prove some results needed in the following; in particular a simple, but fundamental, ex¬ 
tension of a classical lemma will be needed (see Lemma 12.1911 . Section [3] is devoted to a brief 
comment about mixed type equations, needed to explain a requirement we make in the De Giorgi 
class. In Section d] we introduce a degenerate mixed type evolution equation, the Q-minima for 
that equation, assumptions about weights involved in that equation and the De Giorgi class 
suited to that equations which, as already mentioned, turns out to be different from the one 
introduced in |14| or in [32] also when p = 1; we also show that Q-minima (and then a large 
class of solutions) are contained in the De Giorgi class we define. In the following three sections 
we prove local boundedness, the fundamental step so-called expansion of positivity (see Section 
[6|) and a Harnack type inequality stated in Theorem 17.11 and Theorem 17.21 Finally, we give 
some natural consequences of the inequality we obtain and, due to the particular nature of the 
equation, some examples in the hope to help comprehension. 

Finally we want to mention that a short version of the paper, without proofs and with a simpler 
situation where we consider p bounded and A = 1, can be found in [23]. 

Acknowledgments - The author is pleased to thank R. Serapioni and V. Recupero for some 
nice and interesting discussions on the subject. 


2. Preliminaries on weights 

In this section we remind and introduce some definitions and results about A p weights needed 
in the following. For most of the results we refer to m- 

By B p (x o) we will denote the open ball {x € R n | |x — xo| < p}, and sometimes we will simply 
write Bp or B if it is not there is no need to specify further. With the word weight we will mean 
a function rj such that 

r) weight if: p > 0 a.e. in R" and rj E L 1 1 oc (R n ). 


Given a weight p and a function u E L P (D, rj) with Q open set of R n we will write 




u\ p g dx 


1 

V(B) 



u\ p r) dx. 
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Definition 2.1. Let p > 1, K > 0 be constants, oj a weight. We say that oj belongs to the class 
A p (K) if 

\ i/p / r . \ (p-!)/p 


(7) 


b ix ) \h 


u - 1 /(p-^ds 


We say that oj belongs to the class A^K,^) if 

w(S) 


( 8 ) 




< it' 


^ K for every ball B C R" 


|R| 


for every ball B and every measurable set S C B . 

We denote by A p = Ua>i A p (K). It turns out (see, e.g., [13]) that A^ = U p >i A p . 

Given a positive weight rj, a class A p (K;r )) and all the previous classes may be defined in a 
analogous way simply replacing the measure dx with r\dx. 

More generally a pair (v,oj) of weights belong to A p (Bq, K), a € [0,n), Bq ball (possibly R n ) if 
f [■ \ 1 / g / f \ (p-!)/p 

(9) \B\ a / n [j- udxj Ij- u~ l AP~ l '>dx\ ^ K for every ball B <Z Bq . 

We simply write A pq (K ) if Bo = R n . For a = 0 we get the classical Muckenhoupt class of pairs 
(for more details we refer to [13]); for a = 0, q = p, v = oj, Bq = R" we get the class A p . 

We remind some properties of A p weights (the same properties hold for A p (r /) weights), for which 
we refer to m- A p weights verify the doubling property which is the following: for a fixed t > 1 
there exists a constant Cd > 1 which we denote by c<j(<j), such that 


( 10 ) 


/ oj dx ^ Cd(oj) / i 

JtB Jb 


cj dx 


for every ball B of R n , where by tB we mean the ball concentric to B and whose radius is t 
times the lenght of the side of B. If oj G A p (K ) one has that for every t > 0 the constant c c i 
depends (only) on t,n,p,K. 

Moreover oj G A p (K) satisfies the following reverse Holder's inequality : there is <5 = 5(n,p,K ) > 
0 and a constant c r h = c r h(p , K ) ^ 1 such that 

1 /( 1 +*) 


( 11 ) 


Ioj 1+s 

Jb 


dx 


^ C r h 


J- Ul~ — ( - l+5 ' ) d3^j S? C rh 


j- oj dx 
j- oj p^dx 


for every ball B. A consequence of the definition of A p weights and of dill) are the two following 
inequalities. If oj G A p (K ) then, called g the quantity <5/(1 + 5), one has 


( 12 ) 


\SV\ p <K u(S) w(5) 


\B\J "“a;(R) ’ oj(B) 
for every measurable S C B, for every B ball of R n . 


< I l 5 l 

^ c rh ( |^| 


Remark 2.2. - Another interesting property of A p weights is the following. 

If cj € A p (K ) then there is p 1 < p, p 1 = p'(n,p, K ), and K' = K'(n,p , K) such that oj € A p /(K'). 
To prove this fact take cj G A p (K), 5,c r h considered in (fill) , choose p in such a way that 


1 

p—1 


1 

p—1 


(1 + 5) 
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(precisely p = (p + <5)(1 + 5) 1 < p) and using (TlTh we get 

p'-i 


j- oj dx ^ J- u J- 


^ 7 uj dx ( 

'/■ 

Jb ' 

Jb 


"rh 


1 7 ui dx ( 

7. 

Jb ' 



-^ l+5 Ux) 1+s < 


p -1 


v -1 


-p-ij 

"r/i 1 


for every p' £ [p, p]. 

Remark 2.3. - Suppose to have v,u ; £ yloo, i.e. there are si, $ 2 , ^2 > 1 such that co € 

A sl (A'i) and v £ A S2 (K 2 ). 

Then the weight oj/v € ioofr), i.e. there is r > 1 such that uj/v € A r (c; u) or 

r—1 

/ / / hi \ — *./ \ -i — ±) \ 

u dx 

I \ 1/ / 

^ c for every B ball in R ri 


(13) 


/B 


v dx 


IB 


[ n 

-l/(r-l) 

u dx 

Jb^v' 


\ J 

v dx 

B 


Indeed multiplying and dividing by \B\ r we get that the above inequality is equivalent to 


1 


LB 


udx^J r(/ udx 


Now by Hblder’s inequality, if a 1 + b 1 = 1, a, b > 1, we get that 

r —1 


wL wdx i.L‘ 


udxyj u;- 1 /( r - 1 )W(r- 1 )dxJ < 

^ j- id dx ^ j cj _a /( r_ 1 )dx^ v rb l^ r ~^>dx 


{r-l)/b 


Since a and r are arbitrary we can choose 1 + (r — l)/a = si, so that ui £ Ai + r r _iy a (K) and 
consequently 

(r-l)/a 

cu v *' ax ) ^ Ji i. 

Moreover if u £ ^4^ by the higher summability property of Aoo weights, there is <5 = S(s 2 , n, K 2 ) > 
0 such that m holds. Notice that it is possible to choose a,b,r > 1 in such a way 

rb 




1 1 r — 1 

-h - — 1 , - — Si — 1 , -- 

a b a r — 1 

With these choices there is ci = ci(s 2 ,n, K 2 ) such that 


= 1 + 5 . 


f 


(r-1 )/b / p \ r 

v r b/{ t -1 )d x ] ^ ci ( j- udx 


Then (fT3jl holds with c = K\c\, c = c(s 2 ,n , K\, K 2 ), r = r(si, s 2 ,n, K\, K 2 ). 


We recall now some classical results about weighted inequalities. The following one in partic¬ 
ular can be found in [3] and is the weighted version of the standard Sobolev-Poincare inequality. 
Given two weights u, uj in R n and p, q with 1 < p < q the following condition: 
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there is a constant I\ > 0 such that 

( |£r(x)| \ a/n ( u(B r (x)) \ 1/g ( u{B r {x)) \ ~ 1/p 
\\B p {x)\J \v{B p {x))) WB p (x))J " 

for every pair of concentric balls B r and B p with 0 < r < p, 


with a = 1 is essentially necessary and sufficient to have the Sobolev-Poincare inequality. Below 
we confine to state only the result we need. For more details we refer to [3]. 

Definition 2.4. For a pair of weights is,u and a E [0, n) we will write {this is not a standard 
notation) 


M € B« q (K) 

if it satisfies (ThP) for every pair of balls B r {x), B p {x) with r < p and x E R". 

Theorem 2.5. Consider p, q such that 1 < p < q, p > 0, xq E R n , two weights v,uj in R" such 
that lu E A p (Ki), (v,u) E Bp q (K 2 ) and v satisfies (flOl) . Then there is a constant 7 ! depending 
{only) on n,p,q, K 2 ,Cd{^) {the doubling constants of the weight u) such that 


(15) 


^{B P ). 


\u{x)\ q i , {x)dx 


'll /q 


B a 




HP 


'-“{Bp). 


\Du{x)\ p co{x)dx 


1 1 /p 


B 0 


for every u Lipschitz continuous function defined in B p = B p {x o), with either support contained 
in B p {x o) or with null mean value. 

Remark 2.6. - Notice that the previous theorem holds also for every q' E [l,g] in the place of 
q with the same constant 71 . Indeed condition (|14l) holds with the same constant K for every 
q' E [1 ,q\. 

Moreover, using (112[) . one gets that in particular Theorem 12.51 holds when v = 10 E A p with 
q = np/{n — 1) > p (and in fact also with some greater value thanks to Remark 12.2p . 

Remark 2.7. - Here we want to stress some important facts we will need later. 

A - If (17 w) E A p q {K,Bo) with 1 < p < q, v E A oo, then there are a E (0,1), q E {p,q), K ^ I\ 
such that {v,ut) E A 1 ^ -{K, Bq). 

By m, since v E we get the existence of g > 0 such that for every 6 > 0 


f v{B r ) 
\v{Br) 


T {c r h{iz)) 


(i1) 




Now we choose 5 and consequently define q in such a way that 


1 

Q 



Q 


—h 5 < - and 

q p 
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Now we can fix a € (0,1) and we do that in such a way that <;5 = (1 — a)/n. Then we have for 
r < R 

f u(B r (x)) \ l/p ( \B r (x)\ \ l,n ( v{B r (x)) \ l,q = 

\u>{Br(x))J '\\B r (x)\J \u(B r (x))J 

_ ( \B r (x)\ y /n f \B r {x)\ \ (1 ~ a),n ( v(B r {x)) \ l ' q ^ 

\\B r {x)\) \\B r {x)\) Wb r (x))J ' 

1 f \B r (x)\ \ a/n ( v{B r {x)) \ 1,q 
" ( c rh {v)) 5 \ \B r (x)\J \is(B r (x))J 

‘B - If (v, ca) G (K 2 ,B 0 ) with 1 < p < q, v G Aqq, lo G A V (K\), then there are p' G (1 ,p), 
q 1 G (p,q), K 2 ^ K 2 such that (z/,w) € A^, q ,(K 2 ,Bo). 

Consider the values of a, q ', K' (. K' ^ K 2 ) of point A\ then we know that {y, u) G A^ q ,(Kf Bq). 
If we consider p' in such a way that 

p — p' 1 — a 
p' n 

we get, using the assumptions, the fact oj € A p (K\ ) and (fl2|) . for r < R 

, / u{B r (x)) \ 1/p ' f u(B r (x)) \ L/p '- L/p / \B r {x)\ \ a/n ( v(B r (x)) \ 1/q ' 

Wb R (x))J '\ U (B r {x))J \\B r (x)\J \u(B r (x))J " 

> (1_\ ^ ^ / |gr(x)| \ a/n ( v{B r (x)) \ W _ 

' \Ki) \\Br(x)\J \\b r (x)\J Wb r (x))J 

= ( J_\ ^ ( \B r (x)\ \ 1/n ( y{B r (x)) \ 1/9 

UJ V|5*W \HBr(x))J ■ 

/ 

p—p 

Taking K 2 = K'K X p p (which depends on Ki, K 2 ,c r h(v),p, q , n) we conclude. 

Actually one can require simply i j G A 00 and get not only (u, u) G A*, ,{K' 2 ,Bq), but in fact 
(u,w) G A« W (K',B 0 ) with p' G (1 ,p), q' G (p,<?), a' G (a, 1). 

C - If (u, c a) G A 2q (K, Bq) with q > 2 f/ie function f(x,r ) = r 2a satisfies the following 

inequality: by point A and Remark [2.61 we get that there are a G (0,1) and AT = K(K, c r h(v)) 
such that 

f(x,r) < K 2 f(x, R) 

for every x £ Bo and r, R satisfying 0 < r < R. 

Indeed by assumptions we derive 

/ |fl r (g)| \ “ /n / u(B r (.x)) \ 1/2 / u(B r (x)) \ ~ 1/2 ~ 

\\B R (x)\J \u(B r (x))J Wb r (x))J " ' 

Taking the power 2 we immediately get the thesis. 

2) - Consider v = 1. T/ien t/iere are q > p and K depending on n,p,K such that 


uj G 


A l+p/n (K) for n ^ 
A P (K) for n ^ —-— 

p — 1 


( 1 ,^)G#). 
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First of all notice that for every n we have indeed c o E Ai +p / n (K). In particular, by Remark 
El there is K' and e such that lo E Ai +p / n _ e (K'). Using the first one in (fT2l) with S = B r (x) 
and B = B p {x) (x E U and p > r > 0) we get 


| B r 

\Bn 


What we want to prove, since u = 1, is 


l+f-e 




, u(B r 


\B r 

\Bn 


i + i 

n q 


< K 


v(Bp)' 

uj(B r )^ l/p 
u(B p 


Taking the power p we get the thesis with K = ( K') p and choosing some q E 

Remark 2.8. - In this remark we want to stress that the request u> E Ai +p / n 
the Muckenhoupt class to get that (l,u;) E B^ p for some q > p. 

Indeed consider ui(x) = \x\h which is A r if and only if —n < /3 < (r — l)n. If we consider 
r > 1 +p/n then it is possible to choose /3 > p and in this case to get (l,w) € B^ p for some 
q > p we should consider p < /3 < p + (p/q — 1 )n, but this is clearly impossible. 


P’jh 


is optimal among 


We state now a slight generalization of a result about Muckenhoupt type weights, (see [l9j and 

EE]). 


Theorem 2.9. Consider B p = B p {x o) a ball of R n whose radius’s lenght is p, u € A- 2 (Ki), 
E B-2 ^(K‘2 ) for some q > 2, v E A^. Then there is ai E (1 ,q) (see also the remark below ) 
such that for every A C B p (x o), for every Lipschitz continuous function u defined in B p (xo), 
with either support contained in B p (x o) or with mdl mean value and for every n E (1, cy] 


1 

Wp) 



2k v dx ^ j 2 p 2 



where the inequality holds both with v = v and v = u (and in fact with every weight for which 
Theorem 12.51 holds ). 


Remark 2.10. - The assumption n E means that there is s > 1, it3 ^ 1 such that v E 
A S (K 3). Following the proof of Theorem 12.91 (and thanks to Remark 1 2.3 p one can see that the 
constant k depends (only) on n, q, s, K\, K 3 . 


Proof - Consider k > 1 (to be chosen) and consider ho,r > 1 in such a way that 

(k — 1) + ——I =1. 

h 0 r 


Writing as \u\ 2 ( K ^ u k 1 u 2 v 1 ^ h °v 1 K we get 

1 

AC —1 / /* \ hr 


u\ 2k v dx < 


u 2 v dx 


u\ 2h °v dx 


; (i—1/MV1 ~ K >dx 


’Bo 


'Bo 


Now we chose ho = q/2 in such a way Theorem 12.51 holds both with v = v and v = u on the left 
hand side of the inequality. For such a ho we get (we have not chosen k and r yet) 

7 \ ^ ( r \ 1/2 

\u\ 2 h °vdx\ ^ 71 p\ 4- \Du\ 2 uj dx J 


Bo 


Bo 
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Now consider v = oj. The previous inequality becomes 

1 


u\ 2h ° vdx 


i 

h 0 


/ 2 2 
< 7i P 


'Bo 


(u{B p )) 1 h 0 


\Du\ 2 udx 


i B 0 


Since (1 — h 0 x )r = — 1) + 1 we may write 


[ u {i-i/h 0 y v (i-K)r dx= f (“Y* 1)r+ \ dx . 

Jb p JBp J 

Since oj/v € A^v) (see Remark 12.31) the function uj/v satisfies a reverse Holder inequality. 
Then there are two positive constants 5, c r h such that, for every ball B, 


1 f C0J\ 1 + S 

“ vdx^ c rh 

v{B) Jb 


1 


OJ 


-1 1+5 


u(B) J B v 


v dx 


— Crh 


MB) 

L MB) 


1+5 


(the constants c r h,S depend on n,s,K\,K% if v € A s (Ks)). Then we will choose n,r in such a 
way that (k — l)r = 6 and consequently, by what remarked above, we get 


f cu ( 1 - 1 /ho)r u( 1 - K ) r dx < c rh u(B p ) 
JB 0 


MB,)] ,+( - 1)r „ +(B p )) 1+< “- 1)r 
HB P ) J ( v (B p j)^ ' 


Then we get the thesis when v = oj. Ifu = v the proof is easier since the quantity t / 1 l / h C r v tyl K ) r 
reduces to v. □ 


We briefly recall the definition (a possible definition, in our case equivalent to the other possible 
ones) of weighted Sobolev spaces for v € Aqq and oj € A p . Given an open and bounded set 
H C R n by L P (Q, v) we denote the set of measurable functions u : -+ R such that J' (} \u\ p v dx 

is finite. By W 1 ,P (Q, v,oj) we denote the space {u € L p (H,u) n (0) | D{U € L p (Q,oj)} en¬ 
dowed with the obvious norm; by Wq 1,p (H, v, oj) we denote the closure of C£(fi) in H /1,P (H, v,oj). 
Indeed we will write oj) for W 1 , 2 (Q, v, oj). 

Coming back to the result stated in Theorem 12.91 integrating in time one immediately gets what 
follows. 

Corollary 2.11. With the same assumptions of Theorem \2.9[ consider moreover s\,S 2 € (0, T ). 
Consider a family of open sets Aft), t € (si,^) in such a way E = U te(si,s 2 )A(t) is a an open 
subset of B p x (sj, S 2 ). For every v € C°([si, S 2 ]; L 2 (B p , 10 )) n L 2 {s\, s -2 ; Wq’ 2 (B p , v, u>)) it holds 

ko 1L lul " {x ’ t)v(x) dxdt d * p2 bk) 

( f 9 \«-i 1 

•( sup / \u\~(x,t)v(x) dx) — 

Wi<l<s 2 JA(t) ' u \Bp) 

where the inequality holds both with v = v and v = oj. 

Lemma 2.12. Consider B p = B p (x 0 ) a ball, p € (l,+oo), q € [l,+oo), v, oj and v € 
W 1 ,p (B p , v, oj) for which assumptions of Theorem 12.51 hold, k,l £ R with k < l. Consider 


\Du\ 2 (x, t) oj(x) dxdt 
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also a subset Z of B p and denote by v the function taking value 0 in Z and v = v in B p \ Z. 
Then 


(l - k) q v({v < A:}) v({v > /}) ^ 2 q j q p q v{B p ) u{B p ) u(B p Y 



B p r{k<v<i} 


\DvY 


UJ 


\ q/p 
dx 


Remark 2.13. - The previous result holds in every open set f2, provided that Theorem 12.51 holds 
with Q in the place of B p . 


Proof - Denoted by A the set {x E B p \ Z \ v(x) < k} and suppose v(A) > 0, otherwise there 
is nothing to prove. Following the proof of Theorem 3.16 in m we have that for every u which 
takes the value zero in A 


(16) 


L 


I U — UB 0 \ q V dx = 


' Bp\A 


I U — UB p \ q V dx + 


\u Bp \ q n dx ^ \u Bp \ q 


u dx , 


where ub p = \B f 


i-i 


f B u(x) dx. Consider the function 


J min{u, 1 } — k if v > k 
( 0 if v ^ k . 


and estimate, first from below 

f \u\ q udx= I (l — k) q vdx + f (v — k) q v dx ^ (l — k) q I vdx, 

J B p J {v>l} J {k<v<l} J {v>l} 

and then, using (1161) . from above 



Now, if q > p we can apply Theorem 12 .51 if q ^ p, notice that (v((B p )) 1 f B \u — u Bp \ q v dx) 1 ^ ^ 

("((Bp))- 1 f B \u-u Bp \ q ' v dx ) 1//g for q' > q. Then, by Theorem [23] used if necessary with q' > p, 
we finally get 


(l - kf 




v dx ^ 2 q 7 ^ p q — 


"(B p ) "(B p ) 


"(A) u(B p )q/p \J {k<v< i } 


\Dv\ ] 


UJ 


\ q/p 
dx 


□ 


Lemma 2.14. Consider xq E R and p > 0 such that B 2 P (xq) C D, a E (0,p), u E A- 2 (Ki), 
(v,uj) E B\ q {K 2 ), v E Aoz, q > 2, a, (3 > 0. Consider B an open and non-empty subset of B p (x o) 
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such that B a = {x € Q | dist(x, B) < a} is a subset of B p (x o). Then, for every e, 5 € (0,1) there 
exists 7 ] € (0,1) such that for every u € (fi, v, w) satisfying 

\du\ 

P 2 

and 

v{{u > 1} n B) ^ a u(B p (xo)), 
there exists x* € B with B r]p (x*) C B such that 

v({u > e} fl B vp (x*)) > (1 - 5) n(B vp (x*)). 

Proof - For any positive p satisfying r/p < a/2, we can consider a finite disjoint family of balls 
(B. np (xi))i(ij with the property that 

U B vp (xi) C B C \J B 2vp ( Xi ) C B a . 

iel i£l 

Again for simplicity, we denote by B^ the ball B vp (xi ) and by Bn the ball B 2l)p (xi). We denote 
by I + and I~ the sets 

Q/ 

I + = {i <E I : v{{u > 1} n B u ) > —- v(B ti )}, 



cx 

I ={?'€/: v({u > 1} n Bn) ^ -—— u(Bii)} 

-CdyV) 

where c ( ]{v) is the doubling constant of the weight v, which, from now on, we will simply denote 
by Cd . By assumption we then get 

a v(B p (x q )) ^ v({u > 1} fl B) ^ 22 v ({ u > 1} n Ba) + 22 v{Bn) ^ 

iei+ ° d i€l~ 

< 22 l '({u > 1} n B ti ) + 222 u< ' Bl ' ) ^ 

i£l+ iel~ 

^ 22 U ({ U > !} n B ii) + 2 ^ 

iei+ 

< 22 U ^ U > !} n B ii) + 2 "( B p( X o)) • 

ie/+ 

By this we get that 

(17) - v{B p {x 0 )) ^ 22 > 1} n B ii) ■ 

iei+ 

Now fix e ,6 € (0,1) and assume by contradiction that 

(18) u({u > e} fl Bi) ^ (1 — 5) n(Bi), for every i € I := I + U I~ . 

This clearly would imply in particular that 
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By this last inequality, Lemma 12.121 with p = q = 2, k = e and l = 1, v = v we would obtain 
that 

5' u{{u > 1} n B tt ) ^ ^ {u > 1} n Bii) ^ 


(19) 




v(Bu) 

4 7l / _ \2 H B hJ 


(■vpy 


\Du \ 2 a; dx . 


(1 e ) 2 m{ b u) J{ £ <u<i}nB it 

By Remark 12.71 point J?, we get the existence of a £ (0,1), K 2 , such that (see also Remark 12.61) 

( \B 2 np(xi)\ ^ a/n ( v{B 2 VP {xi)) \ 1/2 / uj(B 2vp (xi )) x ~ 1/2 


V \ B 2 p ( Xi )\ 


i.e. 


v(B 2 Jxi)) J V u(B 2 p (xi)) 


„2 a u {B 2l j p (Xi)) ( Tj rl\ 2 l '(B 2p (Xi)) 

p —tb —^ \B 2 ) 


^ K ! 2 , 


u>(B 2vp (xi)) 


u{B 2 p (xi)) ' 


Notice that 


v{B 2 p (xi)) ^ c d {v) v(B p (xi)) < c rf (p) p(R 2 p (i’o)) ^ (q(p )) 2 v(B p (x 0 )) 
ui(B 2 p (x o)) ^ u;(R 4 p(ah)) ^ (c d (uj)) 2 uj(Bp(xi)) ^ (cd(w)) 2 u;(.B 2 p(xi)) 
by which we get 

v(B 2p (xj)) < (c d (^)) 2 i/(Rp(.T 0 )) 
cj(R 2 p(®i)) ^ (qM ) 2 u(B p (x 0 )) ' 

Summing up on I + , from (fTTl) and (fT9l) we get 


5' v(Bp(x 0 )) ^ ^2 


4 7i 


(vp) 


v{Bi, 


iei+ 


( 1 -e ) 2 u{Bu) J {s<u< 1}nBi 


|Z>u| 2 u;d:E ^ 


^ 4 7l „ 2 (l-q)„ 2 ,^/l 2 ( c rf(^)) 2 v(B p {x p)) y- f 

" (1 - s) 2 ’ P ' 2) faM) 2 w(B p (io)) ^ 4 


' {£<u<i}nB il 


|Z>u| 2 u;dx ^ 


/ 4 7l „2fl-aWM2 (CrfM) 2 ^ 

^(l_ e)2 7 (^ 2 ) ( Crf ( w ))2 • 

The conclusion follows by taking the limit i] —» 0. 


□ 


Here we state three results, which are corollaries rispectively of Theorem 12.51 Lemma 12.121 
Lemma 12.141 

Corollary 2.15. In the same assumptions of Theorem 12.51 suvvose moreover a, 6 € R, a < b. 
Then 


r 1 r b r -a/p 

( 20 ) / / |u(x, t)\ p v(x)dxdt ^ 

'-v{Bp) J a J B J 


71/9 


1 


M-Bp) 


r -) 1 /p 

\Du(x, t)\ p (jo(x)dxdt 

aJ Bo 


for every u Lipschitz continuous function in B p (x 0 ) x (a, b) such that for every t € (a, b) u(-,t ) 
has either support contained in B p (x 0 ) or null mean value (with respect to the variable x). 

Proof - It is sufficient first to observe that (p((R p )) _1 f B \u—UB p \ p ndx) 1 / p ^ (p((L > p )) -1 f B \u— 
u r \ q 'v dx) ] ^ q for q > p, then to take the power p and integrate in time. □ 
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Corollary 2.16. Consider B p = B p (x o) a ball, a,b E R, a < b, p E (l,+oo), u, u; and 
n E L p (a,b\W 1 ' p (B p ,i',u))) for which assumptions of Theorem, 12.51 hold. k,l € R with k < l. 
Consider also a subset Z of B p and denote by 9 the function taking value 0 in Z and 9 = v in 
B p \ Z. Then 

(l — k) p 9 <S> C 1 ({n < fc}) 9 ® C l ({n > l}) ^ 

^ 2 P 7 ^ pP 9 eg) C l ( B p x (a, 6 )) ^ p | ff \Dv\ p udxdt. 

^\B p ) JJ(B p x(a,b))n{k<v<l} 

Proof - One can follow the proof of Lemma 12.121 integrating in space and time and finally 
applying Corollary 12.151 □ 

Corollary 2.17. Consider xq E It and p > 0 such that B 2 p (xo) C 12, a, b E R, a < b, 
a E (0 ,p), u) E A 2 (K\), (u,ui) E B\ q {K 2 ), v E A 0Q , q > 2, a,/3 > 0. Consider B an open 
and non-empty subset of B p {x o) such that also B° = {x E ft|dist(x,£?) < a} is a subset of 
B p (x o), a, b E R, a < 6 . Then, for every e, 5 E (0,1) t/iere exists 77 € (0,1) such that for every 
u E L 2 (a, 6 ; 2, u, w)) satisfying 

[ b [ \Du\ 2 u dxdt < ft (b - a ) 
dade- P 2 

and 

v <g> ({it > 1 } 0 (B x (a, 6 ))) ^ a (6 — a) v(B p (x o)), 
t/iere exists x* £ B with B vp (x*) C £> such that 

v 0 /^({it > e} O (B vp (x*) x (a, 6 ))) > (1 — 5) (6 — a) is(B vp (x*)). 

Proof - One can repeat the proof of Lemma [2.141 using a family of disjoint cylinders (B vp (xi) x 
(a,b))i£i with the property that 

U S w (xi) C B C |J B 2r , p (xi) C ZT , 

ie/ i&I 

taking the measure u ® C 1 instead of u and finally using Corollarv 1 2.16 1 to conclude. □ 

We conclude stating a standard lemma (see, for instance, Lemma 7.1 in ED and one of its 
possible generalizations which will be needed later. 

Lemma 2.18. Let (yh)h be a sequence of positive real numbers such that 

y h+l ^ cb h yl +a 

with c, a > 0 , b > 1 . If yo ^ then 

lim y h = 0 . 

h— >-+oo 

Lemma 2.19. Let ( yh)h and {eh)h two sequences of non-negative real numbers such that 
( 21 ) yh+l < cb h (y h + e h )y%, y h+1 ^ y h , lim e h = 0 , 

Ai—H-oo 

c, a > 0 , b > 1 . If yo < c~ x l a b^ x l°^ then 

lim y h = 0 . 

h— >-+oo 












16 


FABIO PARONETTO 


Proof - If eh = 0 for every h we reduce to Lemma 12.181 Otherwise, say y the limit lim/j yh 
which exists by the monotonicity of (yh)h and suppose that 

yo < c~ 1/a b~ 1/a2 . 

Now, by contradiction, assume that 

y> o. 

By assumptions we have that for each e > 0 there is h = h(s) such that 

( 22 ) eh ^ £ for every h ^ h. 

Now for each <5 > 0 we choose e such that e < 5 y so that we get 5yh ^ e for every h. In 
particular for h ^ h we get 

Vh+i ^ cb h (y h + e h )y% ^ 

< cb h (y h + e)yh < 

cb h (y h + 8y h )y% = 

= (1 + 8)cb h y 1 + a . 

Using the lemma above we have that if y^ ^ (1 + 5) _1 ^ a c _1 / a & _1/, “ 2 than lirri/, ?/ft = y = 0, 
where h depends on e which depends on the choice of 5. By the monotonicity of ( yh)h if 
yo ^ (1 + (5) -1 /" the condition on y ^ is garanteed whatever the value of h. Since 

yo < there is 5 > 0 such that 2/0 ^ (1 + 5)~ l / a c^ 1 ^ a b~ 1 ^ a and so we would derive 

that y = 0 , which contradicts the assumption y > 0 . □ 


3. Preliminaries about mixed type equations 
This brief section is devoted to a remark about equations of mixed type, like for example 

du 

(23) ^ X ^~dt ~ div(a(.x, ^ Du)) = 0, 
where a is a Caratheodory function such that 

a(x, t, 0 ) = 0, 

(24) (a(x,t,£) - a(x, t, 77 ), £ — rj) ^ A(z)|£ - r /| 2 , 

I a(x, t, £) - a(x, t,r/)\ ^ L A(a;)|£ - rj | , 

for every £,77 E R n , where L is a positive constant and y = y(x), A = A(x) are functions, A 
positive, while y may change sign (and also be zero in some positive measure regions). 

Before talking about mixed type equations we want to recall that a weighted Sobolev space 
IL 1 (I2, \y\, A) endowed with the norm 

||u || 2 := / u 2 \y\dx + / |.Du| 2 AcIt 
Jn Jn 

can be defined even if the function \y\ takes the value zero in a subset whose measure is positive 
(we refer to [26] for the definition and the completeness of this space). If we denote the space 
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L 2 (0,T; Hq(Q, A)) by V and the space {u € V | fiv! € V'} by W (it' denotes the derivative of 
u. V' the dual space of V) one has that a solution of (1231) belong to W and (see p5] ) 




t HA / u 2 (x,f)/i(.T)dx is continuous in [0,T], 

Jn 


and 

(25) 


/ u 2 (x, t)\fx\(x)dx is finite for every t € [0,T] . 

Jn 

On the other hand, for u solution of (1231) . the function 

(26) 1 1 —>• / u 2 (x,t)\(x)dx is not necessarily 1/^(0, T) 

Jcl 

even if it is finite for almost every t since / / u 2 (x,t)X(x)dx is finite. In the next section 

Jo Jn 

will define a De Giorgi type class of functions requiring 

(27) 1 1 — A / u 2 (x, t)\ii\\{x)dx belongs to L“ c (0, T) for every A CC . 

Ja 


we 


This is something more of the natural requirement (|25D and this a priori is not guaranteed by 
the equation in a general situation, but in many cases it is true, as we mention below. This 
condition will be needed only if there is a region in which the equation reduces to a family of 
elliptic equations, i.e. if there is an open set in which fj, = 0. 

More in general, using a corollary of Theorem 2.1 in [27] one can prove that, if u is the solution 
of the problem 


(28) 


On 

[i— — div(a(x, t ) • Du) = 0 


in H x (0, T) 
in dn x (0, T) 
in {x € £2 | ^{x) > 0} 
in {x € £2 | /r(x) < 0} 


u = (p 

u(x , 0 ) = ip(x) 
u(x , 0 ) = il>(x) 

for some <f> € W, £ L 2 (D), if 

(j>t € W and a is regular in time 

(we refer to [27] for the precise requirement about regularity of a) we derive that the function 
w = rj(u — 4>) € H 1 ( 0 , T ; i7 1 (n, \fx\, A)), and then in particular 


(29) 


uGC'°((0,T);i7 1 (Q,H,A)) 


and as a by-product one gets that u satisfies (1771) since 17 1 (n, |/x|, A) C L 2 (Q, A). 

Analogous considerations hold for Neumann boundary conditions. 

We observe that in general a solution of a family of elliptic equation will be not regular in time 
(if, e.g., a is not regular in time) as we will show with an example in the last section. 
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4. De Giorgi CLASSES AND Q-minima 

From this section on we will focus our attention on a class of functions which contains the 
solutions of some forward-backward evolution equations, also possibly a family of elliptic equa¬ 
tions, whose simplest example is the following (A is positive, but /x is valued in R, both may be 
unbounded) 

du 

(30) fi— — div(A Du) = 0 in D x (0, T ), 

but one can think to (1231) or to Q. The connection of the class we are going to define and this 
equation will be clarified below. We will show that solutions of such a homogeneous equation, 
of equation (1231) and also of a wider class of homogeneous equations are quasi-minimizers (from 
now on we will call them more simply, and according to the original definition, Q-minima, see 
Definition 14.31) for equation (1301) , and Q-minima are contained in the De Giorgi class we are 
going to define. 


Assumptions about n and A - Given /x and A defined in R”, A positive almost everywhere, 
while /x may be positive, null and negative, we define 

f M if M + 0, 

{ A if /x = 0. 

Once considered D on open subset of R n and T > 0 we require /x and A to satisfy what follows: 
there is q > 2 such that 


(H.l) - A € A 2 (K 1 ), 
(H.2)-(|/x| a ,A )eB{ q (K 2 ), 
(H.3) - |/x| A £ 4x>(tf 3 ,0- 


This conditions (see Theorem [23]) garantees the validity of the Sobolev-Poincare type inequality 


L|mU (B p ). 


\u(x)\ q \fj,\x(x)dx 


1 V? 


Bo 




lip 


LA (Rp). 


\Du(x)\ 2 \(x)dx 


B 0 


1/2 


and of all the results which follows (in particular Theorem 12.91 and Corollary 12.111) . 

The condition (H.2) (see Remark 12.71 point H) garantees the existence of a € (0,1), K 2 > K 2 
depending on I\ 2 and c r ^(|/x| A ) and q £ (2, q) such that, thanks also to Remark 12.61 


(H.2)' - (M a , A) £ B^(K 2 ) C B« 2 (K 2 ). 

We will suppose that the sets 

:= {x € 0 | fi(x) > 0}, := {x £ D | fi(x) < 0} and Qq := Q \ (D + U D_) 


are the union of a finite number of open and connected subsets of D. This means, for instance, 
that /i cannot change sign in a Cantor type set with positive measure. 

Beyond to /x + and fj,-, which will denote respectively the positive and negative part of /x, we 
define 


(31) 


A+ 


j A in D + 

f A in D_ 

f 

( 0 in D \ D + 

A- := < 

, \o:=< 

(0 in D \ D_ 


A 

0 


in Do 
in D \ Dq 
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In this way notice that 

Ha = H + -V) = y+ + A 4 - + A 0 . 

Notice that hypotheses (H.l) and (H.3) (see (flUp ) implies that A and Ha are doubling, i.e. there 
is a constant q such that 


Ha { b 2 P (x)) < q \fi\ x (B p (x)), 
A (B 2p {x)) < q A(-Bp(rc)) 


for every x E H and p > 0 for which B 2 P (x) C fh 

Moreover by da, once denoted by c r h( A) the constant satisfying (fTTT) with the weight A and 
?(A) the constant appearing in (fl2l) with oj = A and c r /,(|/i|^) and ?(Ha) the analogous with 
u = \p\x, we get that 


(33) 


HS]_< (\jUS)_Y \MS) f\(s)\ 

MQ) " VHa (Q)J ’ \MQ) " VA(Q)y 


where x = min{?(A)/r, <j(|/x| a )/ 2} and k = max{c r/l (A) K^ /r , c rh (\p\ x ) 
Once defined /, the set of “interfaces” as follows: 


i+ = dn + nn, /_ = an_nn, / 0 = dn 0 nn, /:=/+u/_u/ 0 , 


we moreover will assume the following additional assumptions where, for simplicity, we assume 
the first holds with the the same constant q as before: 


(H.4) 


H+(B 2p (x )) < q p+(B p (x)) 
P-(B 2p (y )) < c\p-(B p (y)) 
\o{B 2p (z)) < q X 0 (B p (z)) 


for every x € fi + U I + , 
for every y € U /_, 
for every z € Hq U /q, 


(H.5) - / is a such that lim |7 e | =0, 

£^ 0 + 

where (H.4) holds for every p > 0 for which B 2p (x) C and I £ is the open e-neighbourhood of 
/ and is defined in (13411 . 

Some comments about (H.4) and (H.5) are in order. First notice that since Ha satisfies (l32j) . 
at least one of the three requirements in (H.4) holds for every x € fl. 

Notice moreover that assumption (H.4) is deeply connected to a geometric requirement about 
the set I of interfaces, indeed (H.4) has to hold in particular for points belonging to I. Finally, 
about the set I, notice that (H.5) is weaker than the requirement that I is a 'H n_1 -rectifiable 
set because I could be also not rectifiable. For all these comments we refer to the last section, 
in which some examples are shown. 


Some notations - By u + (y) we define the function max{rt(y), 0} and by u_{y) max{— u(y), 0}. 
We will write u\ or u 2 _ to denote 


u\{y) := ( u + (y)) 2 , 

Given icllwe will denote, for a given e > 0, 
A £ := {x G H | dist(x, A) < e} , 
while for £ = 0 


u 2 _(y) := {u_{y)f . 

A £ := {x € H | dist(x, A c ) < ej , 
A £ = A e := A. 


( 34 ) 
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Fix, beyond xo, to G (0, T). For a given e > 0 and a ball B p (x o) we define the sets 

I P A X o) : = A n b p( x o)Y , B° p (x 0 ) := B p (x 0 ) n 

B p(x 0 ) := B p (x 0 ) n 0 + , B~(x o) := B p (x 0 ) FI , 

Ip{x Q ) := / FI B${xo) , /"(x 0 ) := (x 0 ), 7°(x 0 ) := / O 5°(x 0 ) , 


# 6 (®o) := a p + (^o)) £ nS p + (x 0 ), 
^e(^o) := (7~(x 0 )) e n B-(so), 
^, e (*o) := {I°p{xo)Y n B°(x o), 


^f(zo) 

^’ £ (xo) 

4"’ £ (^o) 


= (tf(*o)) e \# e (*o), 
= (V( x ’o)) £ \ J ^( x o) , 
= (/ p o (x 0 )r\/ p ° £ (xo). 


We define the following functions 


(35) 


h(x 0 ,p) ■■= 


Ha (B p (x q)) 
X(Bp(x 0 )) 


f(xo,p ) := h(x 0 ,p)p 2 • 


(37) 


These functions depend a priori on xo, but just for simplicity we will not specify this dependence 
writing only h(p) and f(p) if not strictly necessary. 

Notice that the function h satisfies, if p ^ 0 almost everywhere, the following inequalities 
(36) h(x 0 ,p) ^ qh(x 0 ,2p) , h(x 0 , 2p) ^ q h(x 0 , p ). 

Other sets we define are the following: fix xq G f2 and to £ (0, T), R > 0, (3 > 0 and si, S 2 G (0, T) 
with si < to < ^2 an d satisfying 

i ) S 2 — to = to — s i = P h(x o, R)R 2 when we consider B^(x o) or B^(x o), 

ii) si,S 2 arbitrary when we consider B^xo) ■ 

Inside the cylinder B R {x o) x (si,S 2 ) for 

0 G [0,1) 

we define 

(38) (Jq := 8 (3 h(xo, R) R 2 . 

in such a way that oq G [0, (3 h(xo, R)R 2 ); then for p G (0, i?) and e > 0 and taking si, S 2 as in 
(1371) . point 2 ), we define the sets 

Q R *(xo,to) := B r (x 0 ) x (t 0 ,s 2 ), Q^a^to) := B R (x 0 ) x (si,t 0 ), 

Q^’ + (x 0 ,to) :=B+(x 0 ) x (t 0 , s 2 ), <3 r _ (xoTo) ■= b ~{ x o) x (si,t 0 ), 

: = B+(x 0 ) x (t 0 + cr e ,s 2 ), 

Qr^O^o) := -Bp (xo) x (si,t 0 - erg ), 

iPi+i e ( 


(39) 


n p, +I e/ . X = J B p+e (x 0 ) x (to + erg, s 2 ) if BJ +£ {x 0 ) = B p+e (x 0 ), 

R;p ,0 x 0> 0 ■ | ((5 +(x 0 )) £ x (to + cr 0 ,s 2 )) U ((I+(x 0 )) £ x (t 0 ,s 2 )) otherwise, 

Bp + e(x 0 ) x (si, to - crp) if B~ +e (xo) = Bp +e {xo), 

((B~(xo)Y x (si,t 0 - erg)) U ((/“(x 0 )) £ X (si,t 0 )) otherwise, 

and with si,S 2 arbitrary (see (1371) ) we define 

Q%p-,s i, S 2 ( x o) : = B p (x 0 ) x (si,s 2 ) for p ^ -R, 


^R;p,0 ( x 0> ^o) : ~ 


Q' 


0 ,£ 

R',P\S\,S2 


(x 0 ) := (B°(xq)Y x (si,s 2 ) 


( 40 ) 
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The first subscript R below Q denotes that s 2 — 1 0 and to — si are proportional to R 2 and that 
we consider subsets of Br x (0,T). 


We now introduce the De Giorgi class for equation (l23jl . 

In the following definition we will use the measures P+ and //_ rescaled by the factor h(xo,R). 
We will make the implicit assumption that the support of these measures (or functions) is the 
same of /i + and /z_, i.e. 


V>+ 

h(x 0 ,R) 


(x) 


h(x 0 ,R ) 
0 


if n+( x ) > 0 ) 

if n + {x) = 0 , 


h- 

h(x 0 ,R ) 


V- 

h(x 0 ,R) 

0 


if H-(x) > 0 , 
if H-(x) = 0 . 


Moreover in the definition which follows we require that u € -^^ c ((0, T); L 2 oc (Q, |/x|a)) even if 
only the terms 



x and 



are, a priori, bounded (see Section [3]). The fact that also / u 2 (x,t)X(x)dx is to be finite will 

Jb° 

be needed, for instance, to prove point in) of Theorem 15. II 


Definition 4.1 (De Giorgi classes). Consider D an open subset of R n and T > 0 and a point 
(x 0 ,t 0 ) € Ct x (0, T). Consider R,r,r > 0, r < f ^ R, |3 > 0, 9,9 such that 0 ^ 9 < 6 < 1, 
si,S 2 ,to € (0,T), si < to < S 2 satisfying (1371) . We say that a function 


u E L? oc (0, T; HU^ H, A)) D L£> c ((0, T); L 2 oc (Cl, |/x| A )) 


belongs to the De Giorgi class DG+(Q,T, gt,, A, 7 ), being 7 a positive constant, if for every e € 
[0, R — f) and 9 — 6 = (r — r) 2 /R 2 and every k € R the following inequalities hold (ag is defined 
in © 2 D); 

i ) for S2 = to + (3 h(x 0 , R)R 2 and Br(x 0 ) X [to, S2] C D x (0, T) 


sup / (u — k) 2 + {x, t)n + {x)dx + sup / (u — k)\(x,t)p,-(x) dx 


(41) 


+ 


Qp. + .e 


| D{u — k ) + \ 2 X dxds ^ 


^7 


sup / (u — k) 2 + {x, t)n+(x) dx+ 
te(t 0 ,t 0 +ag) Jif r_ r +e 

+ sup [ (u-k) 2 + {x,t)p_{x)dx+ 

t&(to+a e ,s2)Jl r /- r+e 


+ 


1 


(r — r ) 2 J jQ$,+,r-r+e^ (3 h(xo, R) 


R;r,8 




+ A dxdt 
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ii ) for si = to — |3 h{x o, R)R 2 and Br(x q) x [si, to] C 0 x (0, T ) 


sup / 

t€(si,t 0 -(7g) dB~ +s 


(u-k)l(x,t)fi-(x)dx+ sup [ (u-k)l(x,t)n+(x)dx 

te(to—crg,to) J I 


o^’~ ,e 

^R-,r,6 


| D{u — k) + 1 2 A dxds ^ 


: 7 sup f (u-k)l(x,t)ii-(x)dx+ 
_te(to-<Tg,to) dl rP _ r+e 

+ sup [ (u-k)l(x,t)n + (x)dx+ 

t£( si.tn-a a )Jl r ’ f ~ r+£ 


(r - r ) 2 JjQfi'-f-r+e 


(■ u — ky_ 


2 / /*- 
+ \|3/i(a;o,-R) 


+ A dxdt ; 


Hi) for si and s 2 arbitrary and Br(x 0 ) x [si,-S 2 ] C 0 x (0 ,T) 


< 3i?;r;s 1 ,s 2 


|Zt(n — k) + \ 2 \dxdt ^ 


7 sup / (ti-fc) 2 (s,i) /i _(s)ds+ 

^/ 0 r ' f - r+e 


+ sup / 
££=($1 , S 2 ) J Iq ' 


(u — k) 2 + (x, t)/u, + (x) dx + 


[r ~ry J Jn°/- r+e 

^ R;r-,s 1 ,s 2 


(u — k) 2 + Xdxdt ; 


iv) for every S 2 > to such that Br{x 0 ) x [to? ^ 2 ] C ft x (0, T) 

sup [ {u-k)l(x,t)n + (x)dx^ [ {u-k)l(x,t 0 )fi + (x)dx + 


te(to,S2) J Br 


sup [ (u-k) 2 + (x,t)n-(x)dx+ 

te(t 0 ,s 2 ) Ji r /~ r 


(f — r) s 


t 0 tB+u/;- r 


(u — k) 2 + A dxdt ; 


v ) for every si < to such that Br(x q) x [«i, to] C ft x (0, T) 


sup [ (■ u-k) 2 + {x,t)n-{x)dx ^ [ (u-k)l(x,to)h-(x)dx + 
ie(sito) dBr JB- 

+ sup / («-A:)^(s,t)Ai + (s)ds+ 

te(t 0 ,s 2 ) Ji r 2 r ~ r 


1 r to 


(f — r) s 


(it — A dxdt. 
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We will say that u belongs to DG-(£l, T, p, A, 7) if the estimates above holds for (u — k)- in the 
place of (u — k)+. We will say that u belongs to DG(Q, T, p, A, 7) if u € DG + (Q, T, p, A, 7) n 
DG-(Q,T,p, A, 7 ). 


Remark 4.2. - Notice that if \p\(Br(xo)) = 0, that is Br(x 0 ) C Do, (HU), fl2l) and (H3j) coincide 
and reduce to 



2 A dxdt ^ 7 —-— 

(r — r) z 



A dxdt 


by which we can derive 


(46) [ \D{u — fc) + | 2 (x, t)\{x) dx ^ 7 —- -77 [ (u — k)\{x, t) X(x) dx 

J Br(x 0 ) V r ) J Br(x 0 ) 

for almost every t E [si,S2]- Since by assumption u € T“ c ((0, T); L 2 oc (D, \p\\)) we get as a 
by-product that u € L~ c ((0, T); A, A)). 

In some cases we can derive that (|46l) can hold for every t € [si, S 2 ] (see the previous section). 


The estimates given in Definition 14.11 are also known as energy estimates or Caccioppoli’s esti¬ 
mates and we will often refer to them in this way. 


Now denote by /C(fl x (0, T)) the set {K C D x (0, T)\K compact} and consider the func¬ 
tional 

E : L 2 (0, T; i? 1 (D)) x JC(Q x (0, T)) — R, E(w,K) = ^ Jj \Dw\ 2 \dxdt. 

We are going to define a Q-rninirnum following the dehnition given in |32] (see also DS3 for the 
elliptic case). 


Definition 4.3. We will call a function u : Ox (0,T) -> R a Q-minimum for the equation (1301) 
if u E L 2 oc (0, T; H\ oc (Q, |/i|,A)) n T“ c ((0, T); L 2 oc (n, \p\\)) and there is a constant Q ^ 1 such 
that 


(47) 


// 

J J SI 


supp(</0 


dcj) 

it—// dxdt + E(u, supp(</>)) ^ Q E(u 


1 i >, supp(^)) 


for every (j) E C \(O x (0,T)). 


Remark 4.4. - It is easy to verify that if u € L 2 (0,T; i7 1 (D, |//|, A)) is a Q-minimum for equa¬ 
tion (1301) than the map L<f := — ff supp (^u^pdxdt with cj) E C}. (D x (0,T)) turns out to 
be a linear and continuous form in L 2 (0, T; 77q (D, \p\, A)), i.e. T belongs to the dual space 
L 2 (0,T; (i7 1 (D, |//|, A))') (the proof can be obtained following the analogous one in [32]). 


Solutions are Q-minima - Following the analogous proof in [32] one can verify that u is a 
solution of (1301) if and only if u is a 1-minimum for (1301) . 

A second interesting fact is that a solution of (I23[) is a Q-minimum for the equation (1301) . Indeed 
using ([2H) it is easy to see that a solution of (1231) satisfies (|47l) with Q = 2 LM. 


Q-minima belong to the class DG - We now want to show that the De Giorgi class defined 
above contains Q-minima and in particular solutions of (1301) . In Section [7] we will show a 
Harnack type inequality, and then Holder continuity, for functions in the De Giorgi classes, and 
consequently for Q-minima and solutions of (1301) . To show this, first of all notice that if u 
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satisfies (|47l) for every £> € C£(fi x (0,T)) then, by density of Cl{Vt x (0,T)) in W, u satisfies 
(HT|) also for 4> € W; then in particular we could choose £> = (it — fc)+£ 2 with £ a Lipschitz 
continuous and non-negative function such that £(-,f) € Lip 0 (i?fl(xo)), |VCU Ct € L 00 , £iM ^ 0 . 
To show this fact it is sufficient to consider a point (xo,to) £dx (0 , T), a function (u — k)+( 2 
with £ defined in [si,s 2 ] x Br(xq) with 0 < s\ < to < s 2 < T and s 2 — to = |3 h(xo, R)R 2 if 
Ii+(Br(x o)) > 0, to ~ si = (3 h(xo, R)R 2 if /j,-(Br(x o)) > 0, while if Br(x o) C fio si and S 2 
arbitrary; then for arbitrary cr\, 02 satisfying sp ^ <j\ < cj 2 =£ S 2 choose (j) e = [u — k) + ( 2 r e where 

1 t£ [cri, cr 2 ] 

/.s _ I e -1 (t - cri + e) f S [<t 1 — e, o"i] 

Te < —e _1 (t — cr 2 — e) t £ [ct 2 , cr 2 + e] 

0 t 0 [cri — e, <r 2 + e] 


for a suitable e > 0. Taking such a (j) t in (PT7T) and letting e go to zero one gets that 

- [ (u - k)+(x,a 2 )( 2 (x,(T 2 ) n(x) dx + E(u,I\) ^ Q E(u — 4>,K)+ 

2 Jb r 

(48) 

+ 

where we simply denote Br instead of Br(x 0 ) and K denotes the part of the support of £ 
contained in Br x [oi,<t 2 ]. 




(u — k) 2 + (x, cji)£ 2 (x, cri) ^(x) dx + 



01 Jb r 


(u — A 4 dxdt 


1° - First suppose /i + (Br(xo)) > 0 and show (PTT1) and (1311) . We proceed as follows: con¬ 
sider (/> = {u — &:)+£ 2 with £ a Lipschitz continuous function to be choosen later. Since we have 
that 


u — 4> = 


u u ^ k 

(u — k){l — £ 2 ) + k u > k . 


and supp(£>) C {u > k} we have that 


(49) 


E(u - £>, supp (</>)) = i 


|L> [(it — fe)+(l — £ 2 )] | 2 A dxdt ^ 


supp(0) 


< 


supp(0) 


[(1 - £ 2 ) 2 |L>(u - k)+ 1 2 + 4(u - A’)+£ 2 |-D£| 2 ] A dxdt. 


We first prove (SB. We consider r,f > 0 with r < r < R, to,S 2 € (0,T) with s 2 — to = 
(3 h(xo, R)R 2 , 9,9 such that 0 =£ 9 < 9 < 1. By assuming in addition that for e ^ 0 (and 
sufficiently small, say e < R — r) 


K := supp(£) n (Br(x q ) x [si,s 2 ]) C Q^’~ r+£ (x 0 ,t 0 ) 

and that |£| ^ 1, on the right hand side we estimate (1 — £ 2 ) 2 by 1 — £ 2 and the second 
term by 4 (u — k)^_\D^\ 2 . Moreover using the assumption that u is a Q-minimum and since 
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E(u,K ) = E((u — k)+,K ) we get that for every n,T 2 € [to»^ 2 ] with n < T 2 



fe)+(ar, t 2 )C 2 (®, t 2 )h(x) dx 



k)+{x, n)C 2 (x, ri)/i(x) cte+ 


+ 2Q rV |£>(u 

Jt\J B f+e 


fc) + | 2 C 2 A dxdt ^ 



T1 J Bf- |_ e 


&)+ CCt A 6 dxdt + 8Q 



A:)+| J DC| 2 A(ix(it+ 


+ ( 2 Q — 1 ) 



| 3 , + ,f—r+e 
R-,r,9 


n(B fl x[ri,r 2 ]) 




/c) + | 2 A dxdt. 


We then choose a Lipschitz continuous function £ (see also Figure A below where we show an 
example where n > 0 and fi < 0) satisfying also 


C = 1 in (x 0 , t 0 ), C = 0 in Q^ > (x 0 , to) \ r+e ( x o, to), 


(50) 


\D(\^ 


r — r 




ICtl < 


<J6 -Oq (3 ti(x 0 , R){r — ?’) 2 


i ? 2 ’ 

CtM ^ 0> Ct/J- = 0. 



Figure A 
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Plugging such a ( into the last inequality and dividing by 2 Q we get that 

TEA / . ^ {u-k) 2 + (x,T 2 )n{x)dx - [ (u - k)\{x,T\)ii{x) dx+ 

2 Q JB+uir~ r+e 2 Q Ji + - _i_ up £ 

T'+e + r,r—r+e + 

+ 11 \D(u — k) + \ 2 Xdxdt ^ 


(51) 


< — 


Qfl£« n ( fl nx[n,75]) 

- (n — &)+ (^ 8 QA + 


+ 


2Q-1 




(3 h(x 0 ,R)‘ 


p + I dxdt+ 


—— // |Z?(n-/c)+| 2 Ad.Tdt 

2 <^ •/•/Q^+r r+ ‘n(B fl x In,™]) 


with 

n € [to, to + crg(i^)] and r 2 G [to + o"e(-R), s 2 ] • 

Before going on with the proof we state two lemmas, the first result is a slight generalization of 
Lemma 5.1 in m (see also Section 4 in [32]). 

Lemma 4.5. Consider some non-negative functions f,gi,g 2 ■ [to,s 2 ] x (0 ,R] x [0 ,R\ —>• [0, M], 
F,G : [to,s 2 ] x (0 ,R] x [0,1) x [0,R\ —>• (0, M\, M positive constant, satisfying 


(52) 

and 


d 1 ± 1 a L W 7 i-J \ 7 -J 

.. .. L _, . ... positive constant, satisfying 

/(r 2 , p, e) + 52 (n, p.e) + F(t\,T 2 \p, d, e) < 5 i(ri, p, e) + # 2 (t 2 , p, e) + 

+ ta—W 77 G(t!, r 2 ; p,d,e) + 5 F(n, r 2 ; p, d, e) 

(e - e ) 2 

5i(n,p,£) ^ 5 i(n,p,e), 52 (T 2 ,p,e) g 2 {r 2 ,p,i ), 


for every t\,t 2 G [to,s 2 ], ri < r 2 , /or eren/ p ^ p,d ^ d,e ^ £ and 5 G (0,1). T/ien t/iere is a 
constant c > 1 depending only on 5 such that 

f(r 2 ,p,e) + g 2 {n,p,£) + F(T 1 ,r 2 ]p,d,£) ^ 

1 c ~ 

p,e) + g 2 (T 2 ,p,s)\ + (g _ g )2 ;/?,#,£) • 

Proof - We take the sequences d n and £ n defined by (77 to be chosen) 

$0 = #, l?n+l = + (1 - 77)(l? - 77 G (0, 1) , 

e 0 = £, £n+i = £n + (1 - ??)(£ - e)? 7 n , V G (0,1) • 


£ n+ l - £ 0 = £n+l -£ = (£- £)(1 - T 7 n+1 ) , 
oo oo 

£0 + ^(£n+l ~ £ ™) = + X ^ n+1 ~ ^n) = $ ■ 

n =0 n =0 


Notice that 
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By (|52l) we have 


f(r 2 ,p,£ o) + 92(n,p,£ 0 ) + F(ri,T 2 -,p,‘d 0 ,£o) ^ 

< 9i{ti,P,Ei) +32(t 2 ,P,£i) + 

1 


+ 


(ei - £o ) 2 


G'(ti,t 2 ;p,i?i,£i) + 6F(ti,t 2 ;p,•&!,£!) ^ 


< 5i(n,P,£i) + 92{r 2 ,p,£i) + 

+ 5 


1 


(ei - £o) 2 

9 i(n, p, e 2 ) + 92 ( 7 - 2 , p, £ 2)+ 


G'(ri,T 2 ; y o,i?i,ei)+ 


+ 


1 


■ G(n,T 2 ;p, i? 2 ,£ 2 ) + SF(ti,t 2 ; p,tf 2 ,£ 2 ) 


(e 2 -£i) 2 

By the monotonicity property of the functions we have in fact 

f(T2,P,£ 0) +92(n,9,£o) + F(ti,t 2 -,p,^o,£o) < 


^ (1 + 5) 5i(ri,p,e 2 ) + 92(^2, p,£ 2 ) 

+ 


+ 


(iT^ + (^ 52 ) G ^’ ™^ 2 ,e 2 )+ 

+ 5 2 F(ti, r 2 ; p, fl 2 ,£ 2 ) ■ 

Iterating IV times these inequalities we first get 

/(t 2 ,P+o) +92(ri,p,£ 0 ) + -^(ti,t 2 ;p,i? 0 ,£o) < ■- ^ 




AT 

9i(n,P,£AT+i) + 92(r 2 ,p, £jv+i) E 5 n + 


n =0 




+ G(ri, r 2 ; p, i?at+i , £v+i) ^ 


+ 


71=0 


(^77+1 ^- 77 )^ 


+ S n+1 F{ti , r 2 ; p, i?jv+i, +v+i); 
then taking the limit as IV — >■ +00 we finally obtain 


/(r 2 ,p,e) + 9 2 (n,P,e) + -F(ti, r 2 ;p, 1 ?,e) ^ 
l 9 i(n,p,£ r ) + 92 (n,p,£) 
1 




1-5 1/ 

+ G(n,r 2 ;p,h i ,£) 


+ 


1 A / 5 


(£-£) 2 ( 1 - p ) 2 ^ VP 


E 


Taking p £ (\/5,1) we are done. Taking for instance p = ^/(l + 5 )/2 one could have c = 
(l + 5)/(l-5). □ 
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Call 


f(r,p,e) ■= 


2 Q 


(u — k) 2 Ax, t)h- |_(x) dx . 


' B 


P+e 


9 2 


(t,p,£) := FF f (u-k)l(x,T)n-(x)dx, 
2Q JjP,e 


(53) 


9 i(r,p,e) := 


2 Q L+ 


(u — k) 2 + {x , r)/i + (x) dx , 


F(ji,T 2 ;p,’&,£):= // |Z)(u — k) + \ 2 Xdxdt, 

J JQr+p',1' n ( B flx[n,T 2 ]) 


G f (r 1 ,r 2 ;p,i?,e) := — . . 


( 8<?A+ PM^R) f,+ )‘ il< ' t ' 


for /?,$,£ ^ 0 ; now we apply the previous lemma in (15TT) with 5 = ^q 1 , p = r, i = r — r + e 
and since (1 — (J )^ 1 = 2Q we derive the existence of a positive constant cq depending only on Q 
(for instance, as shown at the end of the proof, one could consider cq = 4 Q — 1 ) such that 

777T / (u-k) 2 + (x,T 2 )p+(x)dx +^- [ {u-k)\(x,Ti)n-{x)dx+ 

2 Q Jb+^ 2 Q Jit- 

| D(u — /c)_|_| 2 A dxdt ^ 


+ 


(54) 




I 

J jr,r-r+e 


< 2 fl;r, 0 n (' B « X [ T 1 ’ T 2 ]) 


(u — k) 2 Ax,T 2 )p-{x) dx + 


(u — k) 2 Ax, T\)n + {x) dx+ 


r,r—r+e 


+ £Q_ 1 


2 Q ( f~r ) 2 JJQ^J- r+e n(B R x[ Tl ,T 2 ]) 


(u-k)l {gQX + j^-^pfjdxdt. 


Here is the second lemma, a simple but important lemma. 

Lemma 4.6. Consider some non-negative functions /, 51 , 52,53 : [to,S 2 ] —> [0, M], F,G : 
[si, s 2 ] —> (0 ,M], M positive constant, satisfying 

f(r 2) + 53(ri) + f F(t)dt A 52(72) + 51 (n) + [ G(t)dt 

J Tl J T1 


for every n < r 2 . Let 0 and 6 be the values considered in (1501) . eg = 6 * |3 /i(xo, R)R 2 , < 7 g = 
0 (3 /i(xq, -R)-R 2 for some positive |3. Then 


rs 2 


sup /(t) + sup 5 3 (t) + / F(t)dt ^ 

i€(io+cre,S2) t€(<0,to+o'g) 


2 


/t 0 


sup 52 (f) + sup 51 (f) + / G(t)dt 
t£(t 0 +ae,s 2 ) te(to,to+o-g) j Si 
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Proof - By the assumptions in particular we have 


f(r 2 ) +93(n) ^ 52(7-2) + 5 i ( ti ) + [ G(t)dt , 

J T1 

f F(t)dt ^ g 2 {T 2 ) + gi{ri) + j G(t)dt. 

J Tl J Tl 


Taking the supremum in both the inequalities we get 


sup [/(t 2 ) +53(n)] = sup /(r 2 ) + sup 53(n) ^ 

Tl 6 (to, *o + Cfl) T 2 £{to+crg,S 2 ) Ti€(to,to+crg) 

T2 e (to + ag,S 2 ) 


P; SUP 

Tl e (to, to + <T ( 




92 (t 2 ) + gi(n) + f G(t)dt < 

J Tl 

rs2 

sup g- 2 (r 2 )+ sup gi{n)+ / G(t)dt 

to+oV),s 2 ) Ti e(to,to+crx) J to 


T2 e (to + to, s 2 ) 


T2£(to+o's,S2) 


and 


rs2 ps 2 

/ F(t)dt ^ sup 52 (^ 2 )+ sup 51 ( T i) + / G(t)dt. 

'to T2€(to+CTfl,S2) Tl€(to,to+Tg) Tto 


Summing the two inequalities we get the thesis. 

Now we multiply by 2Q the inequality (1M1) and apply the previous lemma. We get 


□ 


sup / (u — k) 2 + (x, t)g + fx) dx + sup / (u — k)+(x,t)g-(x) dx+ 
te(toT fT 0, s 2) t Jl+ £ 


+ 2Q // |Z4(it — &;) + | 2 A dxdt ^ 
J JQt' + f 

^ R;r ,6 

(u — k) 2 + (x, t)g,-(x) dx+ 


^ 4Q sup / 

+ 4Q sup / (n — fe)+(x, t)^ + (x) dx+ 

ie(to,io+ctg) JiF_ r+e 


+ 


2 CQ 
(f — ?’) 2 


Q 


+ r+e 
R;r ,9 


(u-k)l (a 3 AtpWji 4 )«. 
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Finally, calling 7 the quantity 16 cq Q (which turns out to be greater than 1 ) we get (1331) 

sup [ (u-k) 2 + (x,t)n+(x)dx+ sup [ (u-k)l(x,t)n-(x)dx+ 

t£{to J r (T e> s 2) “ B+, e t€z(to J 7,’ e 


+ 


/O 0 > + > £ 
**R-,r,e 


| D(u — k) + \ 2 \dxdt ^ 




7 


sup 

_te(to,to+(Tg) Jl£?_ r+e 
+ sup 


(u — k) 2 , ( x , t)fj, + (x) dx+ 


+ 


te(t 0 +a e ,s 2 ) Jr/- T+e 

1 


(u — k) 2 + {x,t)^-{x) dx+ 


{r~r) 2 JJ Q ^ + ,r-r+e 


(u — k )_|_ I A + 


* R;r,0 


(3 h(x 0 ,R) 


H+ dxdt 


Now we prove (jUj) . We integrate in Br(x 0 ) x [ti,T 2 ] with [ti,T 2 ] C [fo,S 2 ] for an arbitrary s 2 
(we mean that it is not necessary to consider s 2 = to + (3 h(xo, R)R 2 ) and, as done before to 
obtain (j3H|) . we get for every [ri,T 2 ] C [to 1 ^ 2 ] 

\ I (u - /c)+(x,t 2 )C 2 (x,t 2 ) /i(x) dx + E(u,K) ^ QE(u - (j), K)+ 

2 Jb r 

+ r / {u-k) 2 + (x 1 Ti)C, 2 {x,Ti)iJ 1 (x)dx+ [ [ (u - k)+(( t ^dxdt. 

2 JBr Jti Jbr 


Now choosing £ (whose support depends on r) such that 

C = 1 in S+(x 0 ) x [t 0 ,r], C=0 in B R (x 0 )\ (Bf(x 0 ) U I^ r ~ r ) X [t 0 ,r], 


Ct = 0 , 


\DC\< 


1 


r — r 

using the estimate (I49|) and the inequality which follows it and taking n = to, we get that for 
every r € [t 0 , s 2 ] 

1 

2Q 


I (u — k) 2 + {x,T)ii + {x) dx + f f \D(u — k) + \ 2 Xdxdt ^ 
J B+ Jtn J B+ 




1 

2Q 


[ (u-k) 2 + (x,t 0 )ii + (x)dx + ^- 
JBf 2 V 


+ 


(r — r ) 2 


(u — k) 2 + A dxdt + 

t 0 4s+u/7' f - r 2 Q 


(u — k)\(x, t)h-(x) dx+ 

'—r ' 

2Q-1 


/7 


toJBtur 


+ 1 1 rr,r — r 


| D(u — k) + \ 2 \dxdt , 


As done to obtain (1411) . we first use Lemma 14.51 with the analogous functions considered in (1531) 
(notice that with e = 0 we get <72 (^o, t*, 0) = 0), then we use Lemma I4~6l to conclude and get 


In an analogous way one can prove (132|) and ([35]) . provided that H-(Br(x 0 )) > 0. 


2° - We now drop the assumptions h+(Br(x 0 )) > 0 and [ 1 -(Br(x 0 )) > 0 and prove (1331) . 
We recall that in this case we consider K = Br(x 0 ) x [si,s 2 ] with si and s 2 arbitrary (but be¬ 
longing to [ 0 ,T]). Now proceeding similarly as before, taking (f> = (u — fc)+C 2 with ( independent 
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of t and satisfying 


C = 1 in (B° r (x 0 )y , C = 0 inB R (x 0 )\(B° r (x 0 )Y- r +^ 

o <i, o<| l>CK 1 


r — r 

from gSD , integrating over {B^) r ~ r+£ x (ti,T 2 ), we derive for every n,T 2 € [si, S 2 ], T \ < 12 , 
I r ^ U ~ k )\( x i T z)v+( x ) dx + bTI /„ r ( u ~ k) 2 + (x,T 1 )n-(x)dx+ 


2 Q 


+ 


Q 


0 ,e 

,T 2 


|£)(it — fc) + | 2 A dxdt ^ 




/ (u-&)+(z,T 2 )//_(x)dx + -J- / _ (u- fc)+(x,Ti)/r+(x)dx + 

Jj^r-r+e y^r-r+e 


+ 


(f — r) 2 


/ / (u — A dxdt + 


2Q-1 

2Q 


gOr-r+s 
^ ti\r\T ^ ,T 2 


|Z)(ri — fc)_|_| 2 A dxdt. 


* R\r\T-\_ ,T 2 

We can apply Lemma RT5l with d = ■$ = 0, p = r, p = r, e^O, e = r — r, 5 = (2Q — 1)/2Q and 

52(r,p,e) := / (u - fc)+(x, r)/x_(x) dx , 

f(r, p, e) = gi(r, p, e) := / (u - fc)+(x, r)/r + (x) dx , 

F{Ti,T 2 -,p,‘d,e):=JJ^ \D(u-k) + \ 2 X 


dxdt. 


R;p;t i,T 2 


G(ti, t 2 ; p, d, e) := 4 / I (u — k) 2 ^ Xdxdt , 

Qr-,P;ti,T2 


and get the existence of cq such that 

777 T / {u-k) 2 + (x,T 2 )p + (x)dx + ^- [ (u-k)\(x,T 1 )g_(x)dx+ 

2 <3 Jik e 2 Q 


+ 


Q 


0 ,e 
i?;r;r^ ,T 2 


|-D(?x — fe) + | 2 A dxdt ^ 




/ (u — fc)+(x,r 2 )/r_(x)dx + / (it - fc)+(x, ri)//+(x) dx + 

Jirr- r +e JrJ-r+z 


+ 


4cq 


(f - r ) 2 


Q 


, 0 ,f — 7 ”+£ 
,T 2 


(w, — &)+ Xdxdt. 


Taking the supremum for n,r 2 G (si, s 2 ) we get that u satisfies (PT3l) with 7 = 4cq. 


5. Local boundedness for functions in DG 

In this section we prove that functions belonging to the De Giorgi class are locally bounded 
in Q x (0, T). 
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We start proving that a generic function u € DG(Q, T, p, A, 7 ) is bounded in ( B p x (a, b )) D 
(f2+ x (0,T)) for some set B p x (a, b) CC 0 x (0, T). 

Fix xo £ fl, to £ (0,T), R> 0 and in what follows assume 

P+(Br(x 0 )) > 0. 

Then consider (3 > 0 and s 2 € (0, T) with 

S2 - to = (3 h(x 0 ,R)R 2 , Br{x 0) x (t 0 , S 2 ) C SI x (0, T). 

Consider now r, r, r £ (0, R] such that 

R _ „ _ r — f 

— ^r<r<r^R and r — r = —-— 


and 0 , 0 , 0 such that 


(f — f) 2 ~ (f — r) 2 

O<0<0<0<1 and 0-0 = A--T_ ^0-6 = - - 

R z R z 

and dehne analogously as done in (13811 (but here we simplify the notation) 

a := 0 (3 h(xo,R ) R 2 , d := 0 (3 h(xo, R) R 2 , <f := 0 (3 /i(xo, R) R 2 , 
in such a way that 

0 ^ (X <d <(7 <S2 — to- 

Since to,xo will remain fixed we will often use the following simplified notations: we will write 

/oP^ /oP'+A r) P' _ 


h( P ), b p1 Qft, q'r ,q p r£o, qsj,, 


instead of respectively 


h(x 0 ,p), Bp(x 0 ), Qn + (x 0 ,t 0 ), Q^(x 0 ,t 0 ), QR^g(x 0 ,t 0 ), Q^ p /x 0 ,to). 

In fact, to further simplify the notations, we will suppose that (it is always possible, up to a 
translation) 

to = 0 • 

Finally, from now on, we will use this short notations for the following measures 

A := A <g> T 1 , \M |a := |/x| a <8> C 1 , 

M + := p + (g) C 1 , M_ := p_ <8) R 1 , 

A+ := A+ ( 8 ) T 1 , A_:=A_(g> T 1 , A 0 := A 0 < 8 > T 1 

where we recall that A + , A_, Aq have been defined in ([3Tjl . 


Now fix a function u £ DG(Q,T, p, A, 7 ) and define (since (3 will remain fix we omit it in 
the definition of the following set) 

A R 5 (k; p, 0 ) = {(x,t) £ Qr+$ I u(x,t) > k} . 

Consider a function £ £ Lip(Rr(xo) x [to? ^ 2 ]) such that £ Lip c (Rr(xo)) for every t such 

that (notice that r — -^ = r — |r + (f — r) and r — ^ = r — ^ + (r — r)) 


C = 1 

o< c< 1, 


in 2 (®o,io), C = 0 

PCI < , 0 < CtA*» 

f — 7 - 


in Q^’^xoRo) \ 2 (®oTo), , 

(ip- 0, ICt| ^ (3 h(xo, R) (r — r) 2 ’ 
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In what follows we will denote by Q^’ + ’ r /r , ^ 2 (s ) the set {(x,t) € Q^’ + ' r , n 1 1 = s}. 

R;K/2,6 R;R/2,0 

First using Holder’s inequality, then applying Corollary 12.111 to the function {u — fc)+£ with 
v = v = \fi | a and u = X, E = C 11+ (we integrate first in Q^y 2 > th en i n 
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(/'^ o ? //2 , with respect to the measure fi+dxdt which is supported in E), we estimate 


1 


A (Br) JJ Q t’+E- R E 


(u — k)\n+ dxdt ^ 


1 


R;R/2,6 


(u — A;)+£ 2 /x + dxdt ^ 


a { b r ) yy Q p .+.--«/ 2 


R-,R/2,6 




(- M + (A 


+ /- R/ \k-R/2,~e))) 1 




(Ha (B r )) 

(M + {A^- R/2 (k- R/ 2, g))) ^ 2/Kj!2/k /_1_ 

Mx(Br))— \ImIa(-^ 


\MBr) JJ q ^- r / 2 

^R;R/2,8 


(u — k)+ ( k /j, + dxdt 




( Br)J (A {Br)YI- 


■( 


\ sup / n/9 (,u-ky + (x,t)( (x,t)n+(x)dx 


<3 


P, + ,f-fl/2 
R]R/2,9 


< 


(m + u r 


+,r-R/2,, 


\D{(u — k) + ()\ 2 (x,t) X(x) dxdt ^ 


1 


(fc;fl/ 2 ,fl))) - 2 /k _R 2 /^_ 

“ 71 (A( j Br)) 1 /« Vl^U(Bfl) 


(Ha(B/ 0 ) - 

sup / 

l o<t<s 2 jQ ti ' + ’y? /2 (t ) 

\ ^ R\R/2,e K ’ 


+ 


<3 


(M + (4’ r '- fl/ 2 (fc;i?/2,(9)))"»~ _ 2/<c it! 2 /* f_1 

(Ha(£r))~ 


(3, + ,f-K/2 
R,R/2,9 
k—1 


(u — /c)+(x, t)( 2 (x, t)fi.\.(x) dx+ 
\D((u — k) + ()\ 2 (x,t) \(x) dxdt\ ^ 




71 (A(S fl ))i/« V|/x|A(B fl ) 


sup 


, 0<t<S2i «^ /2 w 

+ 2 / / Pi+jf _ K/2 l^(^-fc)+l 2 (x,t)A(x)dxdt+ ^ 2 JJ ^ ^(u-k)l(x,t)\{x) dxdt 


(u — A:)3_(a;, t)n+{x) dx+ 


< 


( M+(A 


R;R/2,6 

+ /- R/2 {k-R/2,e))) K ~^ 2/k RV 


Mx(Br))- 


1 


* R\R/2,9 

K — 1 


f sup [ (u-k) 2 + (x,t)n + (x)dx + sup [ 
y te(<r,s2) JBf te(o,(r) J r 


+ 2 II fii+if _ R/a \ D ( U ~ k )+\ {x,t)X(x)dxdt + 
Qr-,r/ 2,9 


71 (A(£fl))V« VImIa(^). 

(■u — k) 2 + {x, t)n + (x)dx + 

A 

(w — t) X(x) dxdt 


R/2,f-R/2 

2 ^ +\ i ® / / A, ;a2 

0, + ,r—i 

R\R/2,G 


(r-r ) 2 JJq^+^-re' 
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where in the last inequality we have used the fact that 2 (r — r) = r — r. 
Now we can continue using the energy estimates (1411) (with s = r — Rj 2) 


1 


A (Br) JJai'+'T-V* 


(u — k)+fi+ dxdt ^ 


{M + (A + /- R/ \k;R/ 2,0)))V 2/ * RV 


R;R/2,6 


(Ha (b r )Y 


27 sup 


+ 


+ 


te(0,a) J I R /2,r-R/2 

27 


(u — k)+(x, t)n + (x) dx + 2y sup 


\ / T R/2,r—R/2 

te((T,s 2 ) JIJ 


71 (A (B R ))V* VImIa(^) 

(it — k) 2 + (x, t)n- (x) dx+ 


(f — f ) 2 JJofi’+s -?/ 2 


(u - k)t 


R;R/2,6 


M+ 


(3 h(R) 


+ A ) dxds + sup 


J 


te(6-,cr) JI R /2'f_ R /2 


(u — k) 2 + (x,t)n + (x)dx+ 


(r - r ) 2 JJ Q iA’t R/2 

,+,r—R /2 /,. 


(it — k)+(x,t) A(.x) dxdt 


R;r, e 




€ 


(M + {A + /~ HI \k-R/2,0)))— a/* R 2 / k ( 1 


(Ha(s*))‘ 
27 + 8 


71 (A(Br)) 1 / 


(r — f) 2 JJnP’+’ f - R / 2 


(u - k)t 


2 l- l + 


R]R/2,e 


$h(R) 


{M+(A 


Q 

+ /~ R/2 (k; R/2,6)))*^ 2/k RV 


(Ha {Br)) - 


7i 


A (Br) 

+ A j dxdt + (27 + 1 ) sup / 

J £E(0,S2) •J (j 

1 \ ^ 27 + 8 


(i + , Y~ R / 2 

^ fl/ 2 ^ 


(it — fc)+(x, t)|/r|(x)dx 


A(5 fl ) 


(HB R ))V« VHa {Br)J (f — f ) 2 

1 


(3 Ha(s«) 

27+1 2 1 
+ X—— (r - r) 


(it — fe)+/U+ dxdt + 


A (Br) J J Q fi,+,*-?/» 


(it — fe)+Adtcdt + 


R-,R/2,9 


2 7 + 8 v ' A(Bfl) t e (o,s 2 ) J(i+ f2 Y~ r/2 ' 

Now we divide by S 2 — to = P h(R)R 2 , estimate by 1 and finally multiply and divide in the 
right hand side by (|3 h(R)R 2 )~^. We get 


(it — fc)+(x, f)|/i|(x’)dx 


mamI'4 JJohszr 


s 2 ! K n2fl- 

^ 7i R P K 


(it — k)\n + dxdt ^ 

1 27 + 8 (M + (A+’ r ~ R/2 
(r — f) 2 


(.\ m \a(Qr)) 


(k\R/2,0)))*? (l 

U 


(55) 


[\M\ a (Q^)JJq 


1 


o s 11 (it — k)+n+ dxdt H- H-v 

^ + A(Qr J J J Q 


R;R/2,9 


&, + ,r-R/2 
R;R/2,9 


(it — fc)+A + dxdt + 


+ 


1 


Awr) •'M: 


A>\ n ?>, + ,r-R/2 


(it — fe)+(Ao + A_) dxdt + 


R\R/2,9 


1 


+ (r - 0 P|> sup 


MQr ) *G( 0 ,w) 2(/+ 2 ) f -«/ 2 


(it — fc)+(x, t) |/Lt | (tr)rftr 
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Notice that 


Q 


|3, + ,f-K/2 
R-,R/2,B 


(u — fc)i(Ao + A_) dxdt is in fact f f (u — &)+(Ao + A_) dxdt 

Jo J V%2T- r/2 


In a similar way one can estimate ff n p,+, r -R/ 2 (u — k) 2 + \ + dxdt. The main difference is that we 

w - - - - 


R-,R/2,9 


use Corollary 12.111 with v = and v = oj = A. We get 


1 


HQr ) JJ Q 


/ n P, + ,r-R/2 


(u — k) 2 + \ + dxdt ^ 


R\R/2,6 


^ 2 /k d 2 1 + 3 2y + 8 (A_|_(Al R ’ ^ (k',R/2,6))) 

^ 7 i a: ——- 


|3« 




(56) 


L|M| a (QP’')77q 


P^'l / n H, + ,r-R/2 


(HQr )) 

(u — k) 2 + ^ + dxdt + 


R;R/2,G 


MQr > ) JJq*’ + ’*- r/2 

) ^r-r/2,9 


(u — fc)+A + dxdt + 


+ 


A(Q 


P>>1 

R ) 


Q 


P.+.f-S/S^ “ fc )+( A ° + A -) d ^ + 


R]R/2,9 


+ (r — 


R > SU P / 

A(QS ) tG( 0 , Sa ) Hii /2 r~ R/2 


(u — k)+(x, t)\p\(x)dx 


R/2> 


Once defined (for p G [R/2,R]) 

u^ + {hp,d\£) := 

u\ + {l;p,d;s) ■■= 


( |M| a (Q^)JJq^ 


A(QP-'l .1.1n»>+< 




Qr,P,« 

2 


\ 1/2 

(it — 0 +M+ dxdt. 

\ 1/2 

(it — Z)+A+ dxdt ) , 


(u+(Z;p,tf,£)) := (% + (/;/3,i?,e)) + (itA + (i;p,^,e)) , 


we sum the two inequalities and get 


(«+(&; f, 0 ; r- f )) 2 < 


Ci 


(M + (A+’ f - R/ 2 (fc;f, 0 ))) 


+ 


(f — f ) 2 

(A + ( 4’ r '- fl/ 2 (fe;f,e)))^ 
(A(g^))^ 

where Ci = 77 ' /h ' i ? 2 (27 + 8 ) and 

|3« 


+ 


|M|a(Q^))^ 

(u + (fe; § ,<9;f - f )) 2 + (u; r_r (ii; fc; r; (9)) 2 


(w r r {u;k;r-J)) 2 := 


1 




(it — fc)^_(Ao + A_) dxdt + 


+ (f — f)^ 


R\R/2,e 

1 


R > SU P / 

A(QW ) *€(o,s 2 ) JRi / 2 y - RI2 


(u — k)\{x, t)\fj,\(x)dx . 


R/2> 
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Notice that for h < k we have 

\2 71 /T ( A+X~ R / 2 (l.- R 


{k-hyM+(AY~ a/ (k-,%,6))^ 


R/2 (k;R/ 2,0) 


(« — /i)+/i+ dxdt ^ 




(•u — /i)+AH- dxdt, 

R (h-,R/ 2,8) 


A +,r-R/2 (h ' 


that is 


M + (A + /- R/2 (t,§J» < tMtjU. 

From that (and the analogous estimate for R ^ 2 (k' R/2,9))) we derive 

1 




M + (4’ f - R/2 (fc;i?/2,0)) < A/ + (4^ /2 (fc ;j R/2,g)) < 


l+,r-R/2 /, . 


m+(q4) 

1 +,r-R/2 /, 


(A: - /r ) 2 


(ii M+ (/r; f ,6>;f - |)) 2 , 


A + (4—MAf * $ (fi (fc; * * ;r -_ |))2 , 


A(Q^) ' A + (4’^ 


'R 


(, k-h ) 2 


Then, applying these inequalities we get 




1/2 


u+(fc; f , 0 ;r - f) ^ 


r — r 


(k - h) 


1 rru+(/i; |, 0 ;r-f )"- 1 [«+(A:; § , 0 ;r - §) + w r r (w;fc;r; 0 ) 


< 


C? 


1/2 


r — r 


(fc-fc) 


rr-ti+l/i; - f)^ 1 tt+(/i; f,0;r - §) +w r r (u;h;r;§) 


< 


< 


(57) 


< 




1/2 


f ,0;r - f j "- 1 tt+(/i; <9; r - §) + u r r (u; h; r; 9) 


r ~ r (k-h) - 

Consider the following choices: for n € N, ko £ R and a fixed d we define 

1 


k n ■— ko + d ^1 — — J /* ko + d , 

A A . A 

T n := — + 


2 2 n+1 2 ’ 
■= - fl - — i /> - 

O \ Art I ' O 5 


On := 0 n |3 h(x 0 , R)R 2 Z' -[3 /i(x 0 , -R) R 2 . 


Notice that (for these choices) 


2 ( T n r n - |_l) — T n —\ T n . 

With this choice of 9 n (and since (3 h(x o, R)R 2 = S 2 — to = S 2 since we are supposing to = 0) we 
have that 

(T n = On P /7(X 0 , R) R 2 = 9 n S 2 Z ^ ’ 

With this choices we define the sequences 

U n •— U-\- {k n ] ~2 i 5 ^n " 2 ") ? ^ n n+1 kn ] Tn] @n) 
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and show that with the particular choices just made above the sequence (u n ) n is infinitesimal. 
To get that it is sufficient to observe that from (1571) and using 


r n +1 
r n 

r n -1 

kn+1 


in the place of r , 
in the place of f , 
in the place of r , 
in the place of k , 


we derive 
(58) 


<+i^ C + 2 n+1 


2 (" +1 )^ 
(3 d)^r 


d n+ \ in the place of 

6 n in the place of 

9 n _ i in the place of 

fc n _ i in the place of 

(«n-l + W n-l) («n-1)^ > n > 1 » 


8 , 

h, 


where C + = \[C\jR = 7 ^ (1 + P) 1 / 2 ^ 2 « (27 + 8 ) 1 / 2 . Setting 


« = -—- , c = C + , 6 = 2 1+a , y n = u + , e n = u^ 


K 


3 a d° 


becomes 


u. 


n +1 


^cb n 1 («+_! + w+_i) (u+_ 1 )“ , n > 1 . 


In particular we get 

<(„+!) < c b 2n (u+ n + O («+ ) a , n ^ 0 . 

Now notice that (u+) n is decreasing. Then, using Lemma 12. 191 provided that 


(59) 
that is 


4 l+a\ -!/« 

U+ < ( C+ -- 

+ 3 a d a ) 


2 2 

2 a — 


= 3 d(C+)~ 


JJV|*W|' > ) JjQitS 


(u — dxdt H-Q-— [[ (u — kn)\\+dxdt\ 

+ a (q^) JjQi’t^r + ) 


\ 1/2 


< 


< 3d(C+r- 4 


H;K/2,0 
1 2 1 




Z i n 

— —-rr —1 


we get that the subsequence ( U 2 n )n is infinitesimal and since (u n ) n is decreasing we finally derive 
(60) 


lirn u+ = u + (k 0 + d-,^,^) =0 


n—H-00 


where 


(u+(1;q,' 8)) 2 := (u+(l; Q,8;0)) 2 = 


|M| A (QP’ > ) JJq%+ 


(it — l)\n+ dxdt + 


A«!'") JJQki 


(u — l)\ A + dxdt. 


In a complete analogous way, if ^-(Br) > 0 and taking si = to — P h(x 0 , R)R 2 ■, one can prove 
that 


(61) 


Q 


P,- 

R-,R/2,l/2 


(®o,to) 


< 3fl;fl/2,l/2( :C0 4o) 


(it — feo — d)+/i- dxdt = 0 , 
(it — &o — d)+A_ dxdt = 0 , 
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where Q , / 2 ( x oRo) = B r (xq) x (to — |3 h(xo, R)R 2 ,to — (3 h(x o, R)R 2 ), provided that 


'R;R/ 2,1/2' 

1 


\ M \a(Qr ) ■l-’QtnT 


(u — kn) 2 i _u,_ dxdt H- a~r- / / (tt — fcn)lA_ dxdt | 

a / 


\ 1/2 


< 


_j_ _2_ i _ x 


< 3d (CL) « 4 a 


where C_ = C+ = 7i 1/k (3 1 / 2 (2 7 + 8) 1 / 2 . 

The proof regarding the part in which /j, = 0 is slightly different and we show it. We define 


R 2 


R 2 


<Ti := to-—, <J 2 ■= to + — so that cr 2 — <ti = R 


Moreover we suppose that 


M(Br) > 0, 


otherwise there is nothing to prove. We consider r,r,r E (i?/2, i?) as before. Consider a function 
£ E Lip c (Sr(xo)) (independent of t!) such that 

£ = 1 in Q%n.XJxo ), C = 0 in (-B fl (x 0 ) X (ffi,<r 2 )) \ Q^r.^^o) , 


\DC\< 


1 


r — r 


We moreover define 


Ar 5 (^;p;cti,£7 2 ) :={(s,t) e Q^CT! ,oa (®o) I «(M) > k}. 

Then we proceed in a way similar to that above and estimate (X(Br))~ 1 ff o,r-n /2 (u — 

( *R;R/2-,tT 1 ,a 2 

k)+\dxdt using first Corollary 12.111 with v = v = co = A. One has (we write Q ( j^ p . Sl S2 to 
mean Q°£ p . SUS2 (x 0 )) 


\(Br) 


Q 


(u - k) 2 + A 0 dxdt ^ * 

0 ,r-R/2 MBr) 

R ] R/2-,ct 1 ,cj2 


Q 


0,r-R/2 
R\R/2;cri,(T2 


(u — k) 2 + C, 2 Aq dxdt ^ 






(Ao(A‘ 


°r R/2 (k;R/2-,a l ,a 2 )))' 


(MBr))' 

.0,r-R/2, 


MBr) 


(u - k)l K ( 2 k A 0 dxdt 


Q 


0,r—R/2 
R-,R/2\a\ ,<T2 


€ 


(Ao ( A R 7 (fc;fl/2;<7l,<7 2 ))) K 2/k „2 tn 1 

(A (Br))Mt 7i MBr) 


sup / (u — k)+(x, t)Xo(x)dx 

_te(o-i ,0-2) •/ 


n 0,r-R/2 

{ *R-,R/2-,<T 1 ,a 2 


\D((u — k) + C^)\ 2 \dxdt 
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Then using the energy estimate (|43|> we get 

| D((u — fc)_(_C)| 2 A dxdt ^ 


n 0,r-R/2 


< 2 


< 2 


< 2 7 


Q 


,0,r-R/2 
R-,R/ 2;cr^ ,cT2 


|£)(«-fc) + |V + 


Q 


R-,R/2-,cri ,(72 


\D(u-k) + \ 2 + 


(r — r) : 


;(u - k) 7 


Xdxdt ^ 

A dxdt < 


sup 


i 


*£(0 1 , 0 - 2 ) 

+ sup 


R/2,f-R/2 


[u — k)\{x, t)fi-{x) dx+ 


+ 


\ jR/2,r-R/2 

*6(01,02 ) •'Jq 

1 


(r - f) 2 


+ 


<3 


,0,f — il/2 

R-,R/2-,(Ti ,(72 


[r — r) 


(u — fc)^_(a:, t)n + (x) dx + 
(u — k) 2 + Xdxdt + 

(u — k) 2 + X dxdt. 


Q 


0,r—R/2 
R-,R/ 2;cr-^ ,<72 


Then we have, dividing by a 2 — (J\ in both sides, 

(u — A:)+Aq dxdt ^ 


(cr 2 - cri)A (B r ) JJqO,t-r/2 


R-,R/ 2;cr^ ,<72 


< (Ap(4^ r R/2 (k-R/ 2 ; 07 , 07 ))) « 2 / re R 2/k _ (cr 2 ~ til) 

(cr 2 — C7l)« (°"2 — 


(os-aO^CA^))^ 


sup / 

*e(o-! ,0 2 ) J( B ° R / 2 Y~ R/ ‘ 2 


(■u — k) 2 + (x, t)Xo(x)dx+ 


(62) 


+ 2 y sup 
*£( 01 , 0 - 2 ) 


R/2,r-R/2 

0 


(u — k)\(x, t)n-{x) dx+ 


+ 


2 7 sup [ (u-k)l(x,t)„ + (x)dx + 

t£(a,,a2)Jl? /2 ’ r - R/2 


+ 


*£( 01 , 0 - 2 ) JI 0 

27 + 8 


r — r 


Ik 


+ 


27 + 8 
(r — r ) 2 


f-R/2 
R\R/ 2;cr^ ,<T2 


o 0 ,f-H /2 
^i?;i?/2;cr^ ,cr2 


(w — k) 2 + {X + + A_) dxdt + 


[u — fc)+Ao dxdt 


Now defining 


(n 0 (/;p;e;<Ti,cr 2 )) 2 = 


(02 - O-i)A(-Br) JjQ 0 ’ e 

R;p-,trx,CT2 


(u — l) 2 + Aq dxdt 
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for e € [0, R/ 2), 


(c/->;fc;r)) 2 := 


(r — ?~) 2 


(cr 2 - 0 i)A (B r ) [te( CT1 P CT2 ) J( B a R/2 y-R /2 
+ 

te(cr i 


+ 


(it — k)\[x , f)Ao(x)dx+ 

sup f (u-k)l(x,t)y-(x)dx+ 

{<n,02)Jlo'' ' 

f-R/2 ( u ~ k )+( x ,t)v+( x ) dx 

// (it — fe)5.(A+ + A_) dxdf 

JJq°/- r J 2 


+ sup / 

te(ai,a 2 ) JI R / 2 ' f - R/2 


(a 2 - (Ji)X(Br) JJq 1 


i?; J?/2;cr^ ,ct2 


and for k > h 


A 0 (4 r_ m (k\Rfo<TU<T2)) , 1 R ~ R 

< --— (it 0 (/t; f ;r - f 


(o - 2 - CTi)A( j B jR ) 
and since cr 2 — 07 = (3 i ? 2 we reach 

7 ^ //r (3 “ 2 ^ i? (27 + 8) 1 / 2 


{k - /i) 2 


u 0 (fc; f ;r - §-,ai,a 2 ) < 


(63) 




(fc-/i)V f-r 

~ ^j 

uj r ~ r (u-,k-,r) +u 0 (k] f ;f - f ;cri,cr 2 ) (uo(h; f ;f - §; 07, ct 2 ))“«"" < 
7i 1/k ( 3 ^ 1 i ?(27 + 8) 1 / 2 




(fc — h) « 

- ■ ^_ 7 

• uj r ~ r (u;k-,f) + u 0 {h- f;f - f; 07 , 02 ) (ft 0 (/t; f ;r - f ;ai,o- 2 ))~. 
As done before, consider the following choices for n € N, ko € R and a fixed d: 


k n '■ — ko + d ( 1 — — ) A,'o + d. 


r n := — + 


i? R ^ R 


2 2 n+1 2 ’ 


and dehne the sequences 

u° n := Uo(k n ', f ;r n - f ; 07,02), := w r " _r "+ 1 (it; A:„; r n ). 

Making the following choices in (16311 



r n +1 

in the place of 


r n in the place of 

r , 


r n -1 

in the place of 

r , 




^n+1 

in the place of 

A:, 

k n - 1 in the place of 

h , 

we get 






(64) 

? /0 < 
^n+1 ^ 

7 l 1 / K |3%r(2 7 + 8) 1 / 2 ^2^ 

K -1 ' 

-r 

- 1 K-i+^-r)^-!)^, 

n ^ 1 
















42 


FABIO PARONETTO 


and then, similarly as before, we derive that 

R 


n —>-+00 


provided that 


lim u^=u 0 [ k 0 + d; — ;a 1 ,a 2 := u 0 { k 0 + d; —; 0 ; 07 , a 2 ) = 


R 


((J 2 - CTi)A(-Br) J a J B l 


R/2 


1 

< 3 d ^'"- 1 ( 3 ~ i/ 2 ( 2 7 + 8) _5 (^2 


- 1/2 


\ 1/2 

(ri — ko — d)+Ao dxdt J = 0 

&K^ -TK. + 2 


Now we continue and conclude this section showing that u is locally bounded in ft. In Figure B 
we show, supposing p, > 0 and fx < 0 , the sets involved in the stimates of points i) and ii). 

Theorem 5.1. Suppose u € DG(Q,T, p, A, 7 ) and consider (xo,to) £ ft x (0, T), (3 > 0. Then 
there is a constant Cqo depending only on 7 , 71 , a, |3 such that: 

i) for every B R (x 0 ) x (to, to + (3 h(xo, R)R 2 ) C fl x (0 ,T) if fi + (B R (x 0 )) > 0 we have 

1/2 


ess sup |rt| ^ c 0Q 

P,+ 

R,R/ 2,1/2 


Q 


1 


\M\a(Q^) JJq% 


|3, + ,fl/2 


u 2 p .|_ dxdt + 


1 


i ?,0 


A(Q 


I 


x-v|3, + ,i?/2 


u 2 A + dxdt 


ii) for every B R (x q) x (t 0 — (3 /i(xq, R)R 2 , to) C ft x (0, T) if p_(B R (x q)) > 0 we have 


eSS SUp 1141 ^ Cqo 


Vr- 


p,- 


R;R/ 2,1/2 


Livuwr) 


u 2 p _dxdt + 


A(Q 


P,<A 
R > 


1 1/2 


Q 


p,-,K/2 


t 4 2 A_ dxdt 


in) for every B R (x 0 ) x (cri,a 2 ) C ft x (0 ,T), a 2 - 07 = -R 2 , if \ 0 (B R (x 0 )) > 0 


ess sup |n| ^ Coo 

B ° R / 2 x(a 1 ,a 2 ) 


1 


a (.br x ((n,^)) 


1/2 


14 2 Aq dxdt 


Proof - We prove the first point, being the others very similar. By (1601) we derive that 

ess sup u ^ ko + d 
Qr-,r/ 2,1/2 

and d has to satisfy (1591) . For example we can choose 


d = 2 (C+) “ 3" 1 4- + ^ + 1 u ( 


0 • 


By definition of u,}, defining the quantity 
d 2 


1 2 , 1,1 2 -J-r (1 + S) afK-i) « 3*4-372+1 

Coo := -+ = o (<?+)“ 4-+1F+ 1 = - 7 *- 1 A- l± -(2 7 + 8)^14^^ , 

U n 3 4 [3 2(k—1) 


choosing ko = 0 and estimating t 4 ^_ by u 2 we finally get 

1 


ess sup u ^ Cqo 


QV. 


(3.4 


n ofefer 


R\R/ 2,1/2 


u z dxdt + 


A(Q 


P,>i 
R > 


^-)(3,+,H/2 
^R-,R, 0 


2 V /2 

u X + dxdt 
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Since the analogous argument can be applied to — u we have the first claim. The points ii ) and 
Hi ) are completely analogous: the only difference is that the constant c 00 in point ii ) is the 

—I— . k —7w+2 ^ 

same as in point i), in point Hi) is 3 _1 yf -1 ( 3 1 ' 2 (87 + 2) 2( - K ~ 1 '> 2 (^-U 2 . □ 


Remark 5.2. - Notice that from points i ) and ii) it is not possible to derive a pointwise (in 
time) estimate: indeed letting (3 go to zero the constant c 00 goes to +oo. 

Also in point Hi ) we cannot obtain a pointwise estimate because (72 — 0 i = |3R 2 and the constant 
Cqo depends on (3. 

Nevertheless one could obtain a pointwise estimate if Br C Ro using ifTTHi and Theorem 12.91 

The local boundedness for a function in the class DG is immediatly needed in the following 
section. 



Figure B 


6. Expansion of positivity 


In this section we will see many preliminary results needed to prove Harnack’s inequality. 

In what follows we fix the following points and sets: given three points (x°, t°), (x°, t°), (x*, t*) € 
R x (0, T) in such a way that 


Q?’V, O = Butf) X C R x (0, T) 

Qg 3 ’V, t°) = Br(x*) x (slX) C R x (0, T) 

Qf S H<n := B r (x*) x (4,4) C R x (0, T) 


where 4 = ^(x 0 , i?) R 2 , 

where = t* — (3° h(x*. R) R 2 , 

where s* = t* — —R 2 , 4 = + —R 2 , 


with p°, (3°, (3* > 0. 

We recall that, thanks to the results of the previous section, a function belonging to the De 
Giorgi class DG is locally bounded. 
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Proposition 6.1. Consider three points (x°, i°), (x°, t°), (x* t*) G 12 x (0,T) and p G (0, R). 
Suppose Q R ’ > (x°,t <> ), Q R ’ < (.x°, t°), Cf r l' S2 (x* t*) are contained in H x (0, T). Then for every 
choice of 9°, 9° € ( 0 ,1) and a, g € ( 0 ,1) there are 
G (0,1), depending only on a, 71 , 7 , a, 9 °, (3°, 
p° G (0,1), depending only on k, 71 , 7 ,a, 0°, (3°, 

IT* G (0,1), depending only on a, 71,7 ,a,(R — p)/R, max{l, 1/(3*}, 

T G (0,1), depending only on k. 71 , 7 , a, (R — p)/R, 

such that for every u G ZX? + (fi, T, p, A, 7 ) and fixed m, u ; satisfying 

i) m ^ sup p<>,+ o . u, uj ^ osc u we have that if p+(B p ) > 0 and 

M+W + A +( A o) < -o 

|Af|A(Q§t°’ > (as <s ;t 0 )) A(Q^’ > (x 0 ,t 0 )) " 

where A q" = {(x, t) G Q^-j^oO 3 ' 0 ’^°) I u(x,t) > m — guj}, then 

u(x,t) — a a uj for a.e. (x, t) G Qr./V (x°, 1°); 

ii) sup n o,- , 0 u, uj fz osc u we have that if p-(B p ) > 0 and 

Qr ’ r ’° {x ’ } Q°dr R , 0 (*°’ to ) 

M- ( A 0 ) _ 1 A ~(A) ) < —o 

|M|a(Q£ V,t°)) A(Q£ V,*°)) " ’ 

where = {(x, t ) G Q° R 7 R0 (x°,t°) \ u(x,t ) > fn — cru ;}, I/ien 


u(x,t) ^ m, — a a uj for a.e. (x,t) G Q R . p go (x°,t °); 

in) m ^ sup s * s * n, cj ^ osc u we have that if An(B 0 ) > 0 and 
Q« 1,2 (**>**) b»(x‘)x( s ;, 4) p 


wdere = {(x,t) G Q% R)S *, S 
u(x,t) ^ m — 
in) m ^ sup BH(a .*)«(-,i), 


AoK)^I7*A(Qg^(x*,n) 

*(x* f*) | u(x,t) > m — cruj}, then 
a gw for a. e. (x, t ) G Q% PtS * tS * (x* /*); 
osc u(-,t) we Ziave that if B R (x*) C Ho 

Br(x*) 


then 

for a.e. t G (sf>4)- 


A({x G B R (x*) I u(x, t) > m — guj}) ^ n A (B R (x*)) 
u(x,t) dim — aG uj for a.e. x G B p (x*) 


Remark 6.2. - The requirement p+{B p ) > 0 in point i) (and analogously p-(B p ) > 0 in point 
ii) and Ao(-Bp) > 0 in point in) is not technically needed, for the proof it would be sufficient to 
have p + {B R ) > 0. We require it just to give a meaning to the thesis of the theorem. 


Proof - We prove only the first claim, being the other similar. Often we will not write the 
point (x°, i°), just to simplify the notation. First of all fix a,<x G (0,1) which will remain fixed 
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for all the proof. Choose 9 ° € (0,1) and p € (0, R), assume that p + (B p ) > 0 and consider the 
following sequences (h € N) 


p h = P + e h (R~p), 0 h = 9°- e 2h 0 o , 


where e € (0,1). We require that (9h+ 1 — Ph)R 2 is to be equal to (ph — Ph+i) 2 (as required in 
Dehnition 14.11 and in the proof that a Q-rninirnurn belongs to the De Giorgi class, see (1501) 1: we 
derive that 9 ° has to satisfy 


(65) 


9° 


1 — e (R — p) 2 

1 + E R 1 


Referring to definitions (1391) we will consider 


xo = x°, to = s'2 = ^2 := t° + (3° ^(x 0 , R)R 2 , 

but we will often omit to write them just to simplify the notation. Now we moreover define, for 
h E N and a, a S (0,1), 


( 66 ) 


B h = B ph (x°), 

OO 

4 := - Pj+i) = Ph- P = e h {R -p)\ 0 , 

-QSSrv.n 

/+ := (/+(x*))«fc , 

(jft = a a + e"(l — a) cr \ acr, kh =fn — ahOJ fn — aauo . 


A h = {( x >*) € Qh I U 0M) > k h } 


Notice that 


Qh+l c Qh > 

Ph - ph+i = (1 - s)e h (R - p ), 

Ph+i h(x°, R) R 2 - ^ (3° /i(x°, R) R 2 = 0°( 1 - e 2 ) e 2/l (3° h(x 0 , R) R 2 . 


In the next picture we show some possible marked by dashed lines, while the one marked 
by longer lines is the limit set (for h —>• +oo). 
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H < 0 or fi = 0 


Figure C 


First of all notice that since 


(k h+l -k h ) 2 M + (A+ 


h+i; ^ / / {u~ k h y + ^ + dxdt ^ 

A+ + i JJQ 


(u — kh) 2 + [i+ dxdt 


h+1 


and kh+i — kh = (1 — a) auj£ h+1 we can estimate 


(67) £ 2h+2 ^ _ a Y a 2 u 


2 2 2 M+(A h+ 1 


) . 1 


|M| A (Qp <> ’ > ) ' |M| a (Q£^) JJq; 




>> 


(u — kh)\ii+ dxdt. 


h +1 


Similarly 


(68) e 2h+2 (1 - a)' z a z u 


\2 2 2 ^-+(A+l) - 1 




MQ p r ) MQ p r' )JJqUi 


(u — kh) 2 , \ + dxdt . 


Then we can argue in a completely analogous way as done to obtain (1551) and (1561) . Taking in 


(69) 


Ph+1 = r ■ Ph = r, p h - 1 = r , p in place of fl/2 , 

0/i+i = # , 0 h = 0 , 6 h _i = (9, k h = k, 
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we get (the only difference with (l55jl is that 2 (ph — Ph+i ) / Ph -1 — Ph unless e = 1/2) 


\M\KiQ^JJQt 


(u — dxdt ^ 


h+1 


< 7 2 / *A 2 ‘ + r 27 + 2 


(| 3 °)« (Pfe-P/i+i ) 2 




(m — fc/j)+/x+ dxdt + 


+ 


A(Q? 5> ) 


l 


A(Q# ’ ) J Jq£_! 

(u — kh) 2 + ( Aq + A_) dxdt + 


(u — kh)\ A+ dxdt + 


+ {ph ~ Ph+if - t \o >N sup / (u-fc h )+(a;,t)M(a;)da 

A(Q£’ )*e(to lS I)A+_ 1 


Now since (here we use 07 ^ a) 




k h ) 2 + p + dxdt < M + (A^_ 1 ) 
- fe^)+A+ dxdt ^ A + (A+_ X ) 


sup (u - A 7) 2 < A/ + (A+_ 1 )(cra;) 2 , 
Qh-i 

sup (u - k h ) 2 ^ A + (A+_ 1 )(cju;) 2 , 
n+ 


by the above inequality and by (|67D we get 


M +( A h+i) 

I M| A (Qg >I> ) 


7 2/k ^ 2 1 + (3° 27 + 2 

^ £ 2fe + 2 (l _ a )2 cr 2 u; 2 (1 — e) 2 s 2h (R — p ) 2 


( M+(A+) \ 

\\M\HQ%HJ 


M+K-r) 

| M | A ( Qr > ) 


(cnv ) 2 + 


A +(A+_ 1 ) 

A(Qg >1> ) 


(cra;) 2 + 


+ . 30 >. [[ ( u — /ch)+(Ao + A_) dxdt + 


{R- p) 2 (l-£) 2 E 2h f , , \2 / j.m 1 / \ j 

+ - . .^bo - SU P L [u-k h ) + {x,t)\ii\{x)dx 

HQr’ ) te(*o, s §)./#_! 


Now defining first 


Vh ■= Vh + Vh , 


where yff : = 


MHK) 

\m\k (q^H 


and 



MQr'*) ’ 
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and, since (u — kh)\ is bounded by (crw ) 2 and estimating 


(u - kh) 2 + { A 0 + A_) dxdt + 


a 2 u 2 A(Q^' > ) 

(R — p) 2 (l — e) 2 £ 2 +-L f 2 / m 1 / 

— po > - sup / (u-k h )\{x,t)\p\{x)d. 

a 2 u 2 A(Q' R ’ ) te(t°,sZ) Ji+ 


+ 


'x + 


defining also 


, (Ao+A-)(J+xy, 8 |)) (R-pj\ 

HQr’*) MQr !> ) 


(A„ + A _)(/+x(f,«S)) , (J* - p) 2 (l - 

<+ ■= -5FT-H 




we first get 


v M < 

Vh+l ^ 


A (Qr 

7l 2/K i? 2 (2 7 + 2) 


A(Q 


13°,+ 
R ) 


1 + P xitf+[& + + + (l -J 


(1 - a) 2 (l - e) 2 e 2 (i? - p) 2 £ 4h 

Taking (|69l) in (l56li we can argue in a similar way to estimate y ^ +1 and get 


Vh+i <' 


A\ R 2 (2 7 + 2) 1 + (3° 1 , r M I A , ] 

iijlyii) k bh-i + z/h-i + e h~i\ 


(1 — a) 2 (l — e) 2 £ 2 {R — p) 2 (po)i e 4 
Summing the two inequalities and since the sequences ( yff)h, {Vh)h are decreasing we finally get 

7^(27+ 2) l + |3o 1 

Vh+l " (1 — a) 2 (l — £) 2 £ 2 (R — p) 2 (po)i e 4h Vh-i Wh-i + th-i) 

for every L + 1 ; then, for instance, 

z ll /K R 2 {‘2 1 + 2) 1 + P° 1 n=l ( , ^ 

J/ 2 ( ft +i)^ (\-a) 2 {l-£) 2 {R-p) 2 £S £* hV2h (V2h + e2h > ■ 

Using (j551) to write R 2 /(R — p) 2 and Lemma f2. 191 with 

7i 2/k (2 7 + 2) 1 + |3° 


c = 


(1 — a) 2 (l — e 2 ) e 6 9* (|3°)» 


AC — 1 , 1 

a = -, o = —t , 

AC £ 8 


we derive that the subsequence (r/ 2 h)h of even indexes, and in fact the whole sequence (yh)h 
since ( yh)h is decreasing, is converging to zero provided that 

M+(A+) | A + (A+) < ^ 


+ 


£(li-l) 2 


IMIa^Qr’") MQr :> ) V 7i /K (1 + P°) (27 + 2) / 

By the definition of Ay, we have that 

Qt = ( 5 l R. : p(o’ R ' P ( x0 ’ i<> ) and Aq = {(x,t) € Qq | u(a;,i) > m — au} 
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but we can consider 


Aq = {{x,t) € | u(x,t) > m — au] = 

= {(x, t) € B^(x°) x (i°, + h(x°, R)R 2 ) | u(x, t) > fn — <rw} 


since we will consider the measures M+ and A + of this set. Then we have derived that 


provided that 


where 


u(x, t) ^ m — a a oj for a.e. (x, t ) € (x°, i°) 


M + {A+) A + (A+) ^ 

l~ r> x ^ X - IS 


\M\k (Qf") A(Q£ 


(3°, > \ 


1 ^ = 


(1 — a) 2 (l — £ 2 ) e b fl°(|3°)« 
. 7 i /k (1 + |3°) (27 + 2 ) 


£(«-lX 


In a complete analogous way: fix a point (x°,t°) such that H-(Br(x°)) > 0. One gets that 
taking the same values as before for p, a, a and 0° € (0,1) there is V° > 0 such that if 


M_(A 0 ~) A_(Ap) 
\M\ a (Q^’ k ) A(QP°’ < ) 


where the ball .Br is centred in x° and 


A 0 ~ = 


j(x,t) € Q%'pfl R p (x°,t°) | u(x,t) > m — ctw j 

^ (l-a) 2 (i- g 2 )e 6 go (n l ^ ^ 

V 7i /K (1 + P°)(27 + 2 ) J 


then 


u(x,t) ^ m — a cru; for a.e. (x, t) € Q% p qo(x°, t°). 

Finally we analyse the part in which p = 0, which is slightly different. Fix a point (x* t*) such 
that Aq(-Br(x*)) > 0, consider and ah as in (1661) . Arguing as done to obtain (1621) and taking 
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in (|62l) for k,r,r,r the same values as in d69l) and for <7 i,<T 2 respectively s* and s 2 we get 


1 


A (B r x (af,aig)) JJqo 

1 


(it — kh)+ Aq dxdt ^ 


2 7 + 2 


(Ao (A°)) J 


A (Br x (aj,a£)) J JqI_ 

1 


+ 


(1 — e) 2 E 2h {R — p ) 2 
+ sup 


(1 - s) 2 E 2h (R - p) 2 (A(5 fl x (a*, s*)))^ 1 
(it — kh)+\o dxdt+ 

(u — kh) 2 + { A + + A_) dx<it+ 

(u - kh) 2 + {x,t)\o{x)dx 


A (Br X (a^aij)) JJi <j_ lX ( a * a *) 


A (BrX (si,s 2 )) te(si,s^) J (b° ) p h~p 


(1 -e) 2 e 2 \R-p) 2 f 

A(B R x(s*,s*)) 

(1 — e) 2 e 2h (R — p) 2 f 

+ \ — A sup / 

A {Br x (s!,s 2 )) te(s$,s%) Ji%_ 


(it — £ 7 )+^, f) / u + (x)dx+ 


(u — kh)\{x , t)/U_ (x)dx 


where 


4"- 

Qh := QR*p,s{,s*( X *’t*) > 

= {(*, i) e | t) > 4} • 


Since, as for (j671) . we have 
E a+2 (1 -a) 2 A 2 


AoK +1 ) 


(it — AvJ+Aq drrdf, 


A(S fl x (s*, sj)) A(S r x (s*, a£)) J JQ° h+1 

ff (u ~ kh^Xo dxdt ^ A 0 (Al_ 1 ) sup (u - k h ) 2 ^ A 0 (A° h _ 1 )(au ) 2 , 

Q? ■ 


we derive 


/ 7i / ' t ((3*) i ^ i ^ 2 (27 + 2) 1 , x 

Vh+l ^ „\9 /i _\9 _4fe Vh-1 (Vh-1 + £h-l) 


(1 — a) 2 (l — e) 2 e 2 (R — p) 2 E 4h 
where here we have defined 

AoK) 


Vh '■= 


A (Br x (af,a£)) 
1 


Ch ■= 


(A+ + A-)(I°_i x (a*, s 2 ))+ 


A(B r x (s$, s%)) 

+ (R- p) 2 ( 1 - e ) 2 P'‘(A„((B» i )0*-0) + |mI(4_,)) 
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Arguing similarly as before we get that y/, tends to zero, that is 

u(x,t) ^rn — a aoj for a.e. (x, t) € Q° R . p s * s * {x*, t*), 


provided that 


where 


AoK) 


A (Br X 


< F* 


V = 


(1 — a) 2 (1 — e) 2 ( R-p ) 

7l 2/K i? 2 (2 7 + 2) 


1 8tt 2 

— 

(3* 


Notice that (71 > 1) 


(1 — a) 2 (1 — e) 2 e 6 (i? — p) 2 

~fl /K R 2 ( 2 7 + 2 ) 




and to garantee F* ^ 1 for every choice of (3* (say less than 1) we can choose £ in a suitable 

8 k . 2 

way. For example taking £ in such a way that £( K_1 ) 2 /|3* = 1/2, i.e. 



we have u* < 1 and we get rid of the dependence of 1/(3* for (3* small. 

For the last point we can proceed as follows: first notice that Br := B r(x*) C fio- With the 
same kh and ph as before we consider Bh := B Ph (x*), define the sequence of test functions 


Ch ■ Br ->• [ 0 , 1 ], Ch.(x) 


1 in B h+ 1 
0 in B r \ B h 


\D( h \ ^ 


1 

Ph ~ Ph +1 
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and for almost every t € (0, T) we define Ah = {x G B Ph (x*) \ u(x,t) > kh}- Using Theorem 12.51 
with 2k in the place of q (see also Remark 12.611 we have 


■+< 1 


1 


(u — kh)+(x, t)X(x) dx ^ 




A (B r ) 


<B h 


(u~ k h )+(x,t)Q(x)X(x) dx ^ 










( A ( A h) \ K 
U {B r )) 


A (Br) 


M)U D{(u - h) ^ xdx< 


'B h 


(u - k h )f(x, t)(h(x)\(x) dx 


€ 


f A {Ah) \ « 2jf 


2 R 2 


\KBr)J A (Br) J Bh 


I D(u - k h )+ 1 2 + 


(ph~ Ph+1) 2 


(« - fc/i). 


Xdx ^ 


(X{A h )\— 2 1 jR 2 
VA {Br)) X (Br) 


€ 


(X(A h )\~2 7l 2 


2 R 2 


VA(R R )y A(Rr) e 2/l (R - p) 2 (l — e) 2 


7---To/ ( u - &/0+OM) A(x)dx+ 

(/+-1 ~ Ph) Jb h _ x 

+ 7 --- 77 - / ( u-k h ) 2 + Xdx 

(Ph ~ Ph+l) J B h 

/ (it — kh)\{x,t) X(x) dx 

J Bh-i 


7 + 1 


7 


^ 2 7 l 2 R 2 


7 + 1 2 2 ( A(-Aft-i) 

-^ cr u ———- 


l+- 


e 2h {R-p) 2 {l-e) 2 V A (B r ) 

We can conclude similarly as before using Lemma 12.181 and provided that 


A (A>) 
A (Br) 


^ V = 


(1 - a ) 2 (1 - e ) 2 e 6 (R - p) 

7l 2 R 2 (2 7 + 2) 


K— 1 


e+-i ) 2 


□ 


Proposition 6.3. Consider three points (x°, t°), (x°, t°), (x* t*) G 0 x (0,T) and r G (0, R). 

Suppose Qft ^(xf t°) Q^ ’ < (x°, t°) Q s ^’ S2 (x*,t*) are contained in Q x (0 ,T). Then for every 

choice of 8°, 8° G (0,1) and a, a G (0,1) there are 

uf G (0,1), depending only on a, 71,7 , a, 0°, (3°, 

z+ G (0,1), depending only on a, 71 , 7 ,a, 0°, (3°, 

vf G (0,1), depending only on a, 71 , 7 ,a,(R — r)/R, maxjl, 1/(3*}, 

n G (0,1), depending only on k, 71 , 7 , a, (R — r)/R, 

such that for every u € DG-(£l, T, p. A, 7 ) and /irced m, a; satisfying 


i) m ^ inf po,+ . 0 . u, ui ^ osc u we have that if p + (B r ) > 0 and 
Qr;R ’° {x ’ } 

M+(A+) A + (A+) < ^ 

|m| a (Q^°’*(£<>, t°)) A(g^ 5 ’ > (x°,t <> )) 
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where Aq = {(x,t) G Qr-ro( x<> , O \ u(x, t) <m + au}, then 
u(x,t) ^ m + a a ui for a.e. (x,i) G 
ii) m < inf n o,- , 0 . 0 s u, u ^ osc u we have that if n_(B r ) > 0 and 


M(A 0 ) 


+ 


A-QV) 


< u° 


|M| A (Q^ < (s°,t°)) ' A(Q£V>,t 0 )) 

w/iere Aq = {(x,t) G 0 (x°,O I u ( x it) < Ek + o'uj}, then 

u(x,t) ^ m + a a u for a.e. (x,t) G Q^~g 0 (x°, t°) ; 

in) m ^ inf „+,+ n, a; ^ osc u we have that if Xo(B r ) > 0 and 
Qr ( * v * ) Q£’* s (s*t*) 

A 0 (A°)^*A(Q^(x*,O) 

where A[j = {(x,t) G Qr.r s * s *(x*,t*) \ u(x,t) < m + ora}, f/ien 

u(x,t) ^ m + acrw for a.e. (x, t) G Qr ; 7 . s * s *(x* t*) ; 
in) to ^ inf b r (x*) «(•> i)> w ^ osc u ('it) that if Br{x*) C fio and 

Br(x*) 


then 


for a.e. t G (0, T). 


A({x G Br(x*) | u(x, t) <m + oxa}) ^ u A (Br(x*)) 
u(x, t) m + a a u for a.e. x G B r (x*) 


We now need some results which are preparatory for one fundamental step in view of proving 
the Harnack’s inequality, Lemma 171771 which is usually referred to as expansion of positivity. 

We define, for a fixed point (y, s) £ SI x (0, T) and a fixed h > 0, the sets 

Aj p (y, s) = { x € -B+ (y) | u(x, s) < h} , 

(70) A" p (y, s) = {x G B~(y) \ u(x, s) < h} , 

A° )P (y, s) = {x € -B°(y) | u(x, s) < h} . 

Remark 6.4. - Observe that the condition u(x,s) ^ h for every x G B p {y ) implies that 
Ah : 4 P (y,s) C Bip{fj) \ B p (y) and then in particular, if u is a doubling weight (c u denotes the 
doubling constant of w), one has 

u(A htAp (x*,t*)) < u(B Ap (x*)\B p (x*)) ^ (1 - a" 2 ) u(B Ap (x*)) . 

In our situation this holds for \n\\, thanks to (l32j) . but also for /j + , /x_, Ao thanks to the 
assumtpion (H.4). 
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Lemma 6.5. Given (x*,t*) such that B^ p {x*) C S4 then 

i) if X 0 (B 4p (x* )) 7 Xo(B p (x )^ ^ 0 there exists p E (0,1), depending only on q, such that for 
every t E (0, T) we have that, given h > 0 and u ^ 0 belonging to DG(PL, T, fa, A, 7 ) for which 
the following holds 

u(x,t) ^ h a.e. in B p (x*), 


then 


A o (A° hAp (x*,t)) ^ 



a 0 «(**)). 


If B/^ p (x*) x [i* — |3 h(x*, 4 p) p 2 ,t* + |3 h(x*. 4 p) p 2 ] C fl x (0, T) with |3 E (0,16] then: 
ii ) if fi+(B± p {x*)) > p + ( y B p (x*) s ) > 0 there exists p € (0,1), depending only on 7 , q, and there 
exists (3 E (0, (3], depending only on 7 and (3, such that, given h > 0 and u ^ 0 belonging to 
DGiyi, T, pL, A, 7 ) for which the following holds 


u(x,t*)~^h a.e. inB+(x*), 
then for every t E [t*, t* + (3 h(x*, Ip) p 2 } 

(**>*)) < ( x - M-BjOO); 


m) if /j,_(B ip (x*)) > p-(B p (x* )) > 0 there exists p E (0,1), depending only on 7 , q, and there 
exists (3 E (0, (3], depending only on 7 and (3, such that, given h > 0 and u ^ 0 belonging to 
DG{Pl, T , /x, A, 7 ) for which the following holds 


u(x,t*) ^ h a.e. inB p (x*), 
then for every t E [t* — |3 h(x*, Ip) p 2 ,t *] 

M^mp( x * s )) ^ ( 1- ^) M- 8 ^®*)); 


iv) there exist p E (0,1), depending only on 7 and q, and there exists (3 E (0,(3], depending 
only on 7 and (3, suc/i that, given h > 0 and u ^ 0 belonging to DG(H,T, p, A, 7 ) /or which the 
following holds 

u(x,t*) ^ /i a.e. in B p (x*), 

then 


U(^i, 4p (z*> *) U A,Mp( x * U O) 


£ 



|^U(B4p(s*)) 


/or every t E + (3 h(x*,Ip) p 2 } and s E [i* — |3 h{x*,Ip) p 2 ,t*]. 

Proof - First we prove point ii). Consider si = t* — (3 h(x*, I p)p 2 , *’2 = i* + |3/i(x* Ip)p 2 . Apply 
the energy estimate (j441) to the function (u — h)- with xq = x*, to = t*, r = 4p(l — a) for an 
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arbitrary a E (0,1), R = r = 4 p, e = 0. With this choice we have r — r = Apa. Then we get 


sup / 


(u — h) 2 _(x, t)p + {x)dx ^ 






+ 


7 


(u — /i) 2 _(x, t*)p,+ (x)dx + sup / (u — h) 2 _{x, t)p-(x) dx+ 

n 

Jt* J E 


(4pcr) 2 Jt*JB+(x*)Uli pAp,T 


(u — h) 2 _ A dxds. 


Now, in addition to this inequality, we use the two following inequalities: first that in a set 
we have that ( u — h )_ ^ (1 — i])h; moreover, since u ^ 0, ( u — h )_ ^ h. Then, using also Remark 
El we get for every t € [t*, s 2 ] 

(1 - v) 2 h 2 n+{A+ hM1 _ a) (x*t)) ^ 

\2 


€ 


'< fc ,4p(l-a) (**-*) 


(u — h)_(x,t)p + (x)dx ^ 




L 


4p(l — cr) 


(**) 


(u — h) 2 _(x, t)p + (x)dx+ ^ 


< /i 2 /i+(S4p(x*)\S p (s*)) +/ l V(4^) + ^A((B+(**)U^) x (t*,s 2 )). 

Using the following decomposition 

AW X * u 4 € \ I AM) < Vh}, 

and then the last estimate we get 
(1 -ri) 2 fi+{A+ htAp (x*,t)) < 

< (! - A l*+ (A!mp( 1-7) ( X * *)) + 0+ (-B4p(x*) \ ^(l-a) A*)) < 

(71) < /U+ (5 4 p(x*)\ J B p (x*)) +/,_(4 P ’ 4pff ) + ^2 A(( J B+(.T*)U/A 4pCT ) X r, S2 )) + 

+ (1 - r/) 2 /x+ {B 4p (x*) \ B m i_ ff) (s*)). 

If the thesis were false we would have that for every (3 E (0, (3] and p E (0,1) there would be 
t E [t*, t* + p h(x*, Ap) p 2 ] such that 


( x “ < ^+(^i,4pA*A) 

and then 

C 1 - A 2 (l - ii+(Bt p (x*)) < 

< p+{B 4p (x*) \ B p (x*)) + p-(I 4 + pAprT ) + A((S+(**) U 4^ ff ) x (t*, s 2 )) + 

+ (1 - y) 2 V+ {B 4p (x*) \ B ip{ 1 _ CT )(a;*)). 
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Then taking, for instance, (3 = cr 3 , letting cr and p go to zero we would find the contradiction 
(and here is needed p + (i? 4 P (x*)) > p + [B p fx*)) > 0) 

l- l +( B tp( x *)) < M+(^4 P ( x *) \ B p (x*)) 

2p + (B p (x*)) ^p+{B p (x*)). 

In a way analogous to (|7T1) we can derive for every s € [si,i*] 

(l-r?) 2 /i_(A- Mp (x*,s)) ^ 


< (l -??) 2 H-(A vhMl _ a) (x*, s)) + H-(B 4p (x*)\B M1 _ a) (x*)) 




(72) < + x (si,t*)) + 

+ (1 - v) 2 ^-{B 4p {x*) \ B Ml _ a) (x*)) 
by which, again by contradiction, we prove point in). 

Point i) is quite immediate. Since (u — h)_(x,t) ^ (1 — p)h in A® h ^ (x*,t) we immediately get 
(l-r/) 2 / l 2 A 0 (A; Mp( 1 _ c 7 ) (a;*,t)) < 






(it — h) 2 _{x, t)\ 0 (x)dx ^ 


f 

'' A °h,4p( x *d 

f (u - h) 2 _(x,t)X 0 (x)dx ^ h 2 X 0 (B 4 P (x*) \ B p (x*)) 

Jb°(x*) 


that is 


1 


(1 - g) 2 X 0 {A° vhMl _ a) (x*,i)) ^ A 0 {B Ap [x*) \ B p {x*)) ^ f 1 - ^ ) Ao(£ 4 p (z*)) 
and then i] is easily found. 

Point iv ) is obtained simply summing and rearranging the previous inequalities. □ 


Lemma 6 . 6 . Consider |3 € (0,16] and (x*,t*) such that B§ p (x*) x [t* — |3 h(x*, 4p) p 2 , t* + 
(3 h(x*, 4 p) p 2 ] C fix (0, T), consider p and |3 to be the values determined in Lemma WilA Consider 
k and t the constants appearing in (1331) . Consider u ^ 0 in DG{Cl, T, p, A, 7 ), h > 0. 

i ) // p + (l? 4 p(x*)) > /r + (i?p(x*)) > 0 and u(-,t*) ^ h a.e. in B A (x*) 

then for every e > 0 f/iere exists p\ € (0, 77 ), p\ depending only on 71 , 7 , q,e, 7 , |3 such that 


M + 

A+ 


< 771 / 1 }n £?+(x*) X (t*,t* + (3/5 2 /i(x*,4p)) 


< 


< e |M| A S 4 p (x*) x (t*,i* + |3p 2 /r(x*, 


u < pih}n B+(x*) x (f*,t* + |3p 2 /i(x*,4/a)) 




^ K£ t A [B Ap (x*) x (i*,i* + |3p 2 /r(x* 
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ii) if n- (B 4p (x*)) > h-(B p (x *)) > 0 and u(-,t*) ^ h a.e. in B p (x*) 

then for every e > 0 there exists 71 E ( 0 , if), 7i depending only on 71 , 7 , q, e, 77, |3 such that 


M_l{u < r]ih}fl B ip (x*) x (t* — (3 p 2 h(x*, 4p), t*) 


if 


^ e \M\ A (B 4p (x*) x (t* - |3p 2 /7(x*,4p),f 


A_ 


ii < 77 i/z} PI B 4p (x*) x (t* — (3 p 2 h(x*,4p),t*) 


if 


^ Ke T A(S 4 p(®*) X (i* - 4p),i" 


in) consider (3 > 0 such that B 5p (x*) x [t* — (3 h(x*, 4p) p 2 , t* + |3 h(x*, 4p) p 2 ] C 0 x (0,T); if 
\ 0 {B 4p (x*)) > Ao (B p (x*)) > 0 andu ^ h a.e. in (B p (x*) x (t* — (3 p 2 h(x*, Ap), i* + |3 p 2 hfx*, 4/?))) 
f/ien /or every e > 0 f/iere exists 71 E ( 0 , 7 ), 71 depending only on 71,7, q,e, 7, |3 such that 


sC 


A 0 ^{u < 71 / 1 } n B2 p (x*)x(t* — |3p 2 /?.(x*,4p),t* + (3 p 2 h(x*,4p)) 

if e a(s 4 p (x*) x (t* - |3p 2 h(x*,4p),t* + |3 p 2 /i(x*,4p)): 


iv) if B§ p (x*) C fi 0 andu(-,t) ^ h a.e. in B p (x*) then for every e > 0 f/iere exists p\ E ( 0 , 7 ), 71 
depending only on 71 , 7 , q, e, 7 suc/i that for almost every t E [f* — (3 /r(x*, 4p) p 2 , i* + |3 h(x*. 4p) p 2 \ 

x({u < 7l/l} Hi (.B 4p (x*) X {f})) ^ £ A(S4p(x*)). 

Proof - We first show point i). Consider (3 and 7 to be the values determined in Lemma 16.51 
point i). For simplicity, by / we will denote the quantity 


f(x*,4p) = h(x*,4p)p 2 . 


Now we consider m E N, r E [t*, t* + (3/(x*, 4/?)] and cr E [t* — (3 /(x* 4p), t*]. First of all 

notice that for every t*, for every t E [t*, t* + (3 /(x*, 4p)] and a E [t* — |3 /(x*, 4p), £*] and every 

t E (t* — ocp 2 h(x*,4p),t* + ap 2 /r(x*,4p)) we derive, using Lemma [6.51 and since for m E N 
it holds At+ 2 _ m 4 p (x*,r) C Al+ Mp (x*,r), ^“ fc2 -m )4p (®V) C ^“ Mp (x», A° h2 _ m4 p (x*, t*) C 

A vh.Ap( x *’ **)> tliat if Ai+(^p(®*)) > 0, p-(B p {x*)) > 0, A 0 (-B p (x*)) > 0 

^2 ^+( S i( x *)) < \ A+ fc)4# ,(x* r)) < 7 +(S+(x*) \ A+ 2 - m>4p (x*,r)), 

7^2 V- ( B 4pi X *)) < Ai- (£ 4^00 \ A ph,4p( X *> a )) < l 1 - i B 4p( X *) \ A ^h2-m, 4 p{< v)) , 

4, M B U x ’» < \ *)) < a„(b« p {i*) \ lp (x* t)). 


( 73 ) 
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Again for simplicity, we define (since x* is fixed we omit it) 

r i*+p /(z*,4p) 


A m( r ) : = A th2-™ Ap { x \T), 

A m{?) ' A r]h2~ m ,A P ^ X ’ ®")> 




a° •= 


■-L 

■-L 

-L 


t*+a.f(x*,Ap) 


• A r/h2~ m ,4p; 
r t*+P/(x»,4p) 


C := / 

Jt* 


dm, • — 


-L 


-af(x*,4p) 
B Ap := B Ap (x*), 

A (A m (t))dt, d™ := / 

Jt* 

t*+a.f(x*,4p) 

A (A m (t))dt 


V+( A m( r )) dr , 

H-(A^(a))da, 

\ 0 (A° m (t))dt, 


t*-e,f{x*Ap) 


A (A m (t))dt, 


*—ocf(x*,4p) 

First we prove point z). Now we estimate from above and from below the quantity 


M+( 5 i\^m-i( r )) [ (u~ Jx,T)n+(x)da 

J B40 


Using also (1731) we get that for every r e [t* t* + (3 /(x* 4p)] 

^/ 1 +( B 4 + p)^T/ 1 +(^ + lW) < 

< M+ \ ^m-1 (u>) J B (u ~ |^) _ (x, r)//+ (x)dx = 


that is we get that for every r € [£*, t* + p /(re* 4p)j 

( 74 ) 2 ^/ i +(- B t) 2 ^r/ f +( A iUi( r )) < ^+( S i\ A m-l( r ))^+(^m( r )) • 

Now to estimate the right hand side of (I74j) we use Lemma 12.121 in the ball B Ap (x*) with 
k = rjh/2 m , l = rjh/ 2 m ~ 1 , q = 1, p £ (1, 2 ) arbitrary, u = \, v = |/z|a (p = //+) we get for every 
r € (£*,£* +P/(x*,4p)) 


f*+{ B tp \ A m- l( T )) ^+KW) 
^+(^i) i^u^p) / 


^ 871 p 


(HB lp ))Vr 




/ |Dn| p (x, r) A dx 

I Am — 1 {'r')\A rn (t) > 


1 /p 
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By this last inequality and (17U) and integrating in time between t* and t* + (3 /(x* 4p) we get 
1 ph 




2 q 2 2 m+1 m+1 


^ 871 p 

^ 871 p 


L 


\p\x{B, ip ) 

(A (B 4p )y/p 

Ha(-Rip) 

(A (B 4p )y/p ' [J t , 

Ha(B4 


t*+|3/(x*,4p) 


y/* 

/ |-Dit| p (x, t) A dx ] dr ^ 

/A m _i(r)\A m (r) 




pt* + |3/(a;*4p) 


p-i 


1 /p 


[ \Du\ p (x, t) A dxdr ] (|3/(x*4p)) p 

'A m _i(r)\A m (r) 






(75) 


fi* + P f( x *Ap) 


3-p 

2p 


/i* 


ft*+P /(x*,4p) 


' Bi„ 


D[u — 


[A(y4 m _i(r)) - A(A m (r))] dr 
rjh \ 2 


2 m— 1/_ 


y / 2 

(x, r) A dxdr 


Now we want to estimate the term in the right hand side involving the gradient of u — ^ and 
to do this we apply the energy estimates (HIT) . (J42]), (l43l) in some suitable subsets of 


B 5p (x*) x + |3/(x* 4p)). 


to estimate the quantity 


r t*+fif(x*,4p ) r 

ify / / 

Jt* J Bi„ 


D u- 


ph 
)TO— 1 


(x, t) A dxdr. First we estimate, tak¬ 


ing in (14T1) t 0 = t* — |3/(x* 4p), S 2 = i* + |3/(x* 4p), d? = f = 5p, r = 4p, e = 0, 0 = 0 and 
16 Mz*4p) 

25 h(x*5p) 


= &4ISSM in SB, 


/•r+13 /(x*,4p) r 

Jt* J E 


D u- 


4 p 




7 


ph 

2m —1 / _ 

ph \ 2 


(x, r) A dxdr ^ 


(«- t^zt)_(M* - P/(aJ*,4p))/r + (x) dx+ 

P 

f ( Tih \ ^ 

+ su p 5p A u - ^zr) J x ^)p-( x ) dx + 

te(t*, t*+0 f(x*,4p)) Jl+' p 2 


1 

p 2 .) Jq+’P 

r ^ ^ ^5p;5p,0 




7 


^t)% + (4Ap)+( 5 St)%-U?''’)+ 


P+ 


h(x*, 5p) 


+ A dxdr 






7 


+ 


ph \ 1 


2 m_1 y p 


2—p 2 U(®*,5p) + ) W ^5p,o) 


P 2 \h\(B^p) + 2 A(d? 5 p) 2 (3 /(x* 4p) 
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Then taking in (1421) to = t* + 2 p/(x* 4p), si = t*, R = r = 5 / 3 , r = Ap, e = 0, 6 = 0 and 

‘'“PSiSSl 1 ’ 1 ®, 


rt*+fi f(x*Ap) r 

Jt* Je 


D fu- 


ri h 

)m—1 


(x, t) A dxdr ^ 


4 p 




7 


Tih \ ^ ~ 

(M* + 2(3/ + (x*,4p))^_(x)dx+ 


It— \ 2 m 

op,p 


+ sup l^(u-^Jj^Jx,t)p + (x)dx+ 


te(t*, t*+ p f(x*,Ap)) Jl ~ 

1 

+ — 




7 


(^)%-(W + (^) 2 m + (/?7+ 

+ (Q5p;5p t o) 




7 


+ 


77/1 A l 


P J Jo~’ p 

r -j u v Sp;5p0 


rjh \ 1 / M_ 


+ A dxdr 




2m -1 y p2 


2 m ~ 1 J p 2 \h(x*,5p) 


p 2 \p\(B 5p ) + 4£\(B 5p )f(x*,4p) 


Finally taking in (l43l) si = t*, S 2 = t* + p/(x* 4p), i? = f = 5p, r = 4p, e = 0 in (1411) . 


rt*+fi f(x*,Ap) f , 71 h N 2 

£>U- 


rt +p A® APJ r 

Jt* Je 


R° 

"4 p 


)m -1 


< 7 


(x, t) A dxdr ^ 
7//1 a 2 


sup ( u ~^ TI) 0 M)a*-(®)*H- 

. te(i*, i*+P f{x*,Ap)) J j o p,p 

f / r//i \ 2 

+ sup ( u — TtiiFT) (x,%+(x)dx+ 

te(i*, t*+(3 /(x*,4p)) J B PP 

l rt*+{if(x*,Ap) 


+ 


n 2 , 

P Jt* 


/•t +\i ,4p) r , n h \2 

/ / (m --r J ( x,r)\dxdT 

Jt* j {B o p)P y 2-1 






sc 


7 


7 



hw 


5p,p 


77/i A “ 1 


A(«) p )(3/(x*,4p) 


7 ]h \ 1 


2 m_1 / p 2 


2m-i y pi 

P 2 \p\(B 5p ) + £\(B 5p )f(x*Ap) 
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Summing up we get 

r t*+p/0*,4 P ) 


(76) 


r z +p j\ x AP) r 
Jt* JB ip 


D u- 


r/h 


2m-1 


(x, t) A dxdr ^ 


^ 7 


rjh \ 1 


2 m ~ 1 J p 2 


3p 2 \p\(B 5p ) + 9Vf(x*Ap)\(B 5p ) 


and so we can conclude, from (1751) . that 


*m+ 1 < 64 7 i 7 1 / 2 q 2 (P f(x*Ap)) % • «_! - O 2 ^ P - 


3p 2 H(S 5p ) + 9P/ + ( a ;*4p)A(S 5p ) 


Taking the power ^7 and summing between m = 1 and m = to* we have 


1/2 


2p 


^«,+i'> 2_p ^ 


m=l 


(64 7l7 ‘/y)fe (M>(fi4„)A- ( p /(x . v)) ^a 
(A (B 4 p))^ 


3p 2 H(5 5p ) + 9|3/(x*,4p)A(S5 P ) 


P 

2-p 


(d 0 d m *) 


2p 


Since the sequences (a+) mS N and (d^J me N are decreasing we can estimate X)m=i( a m+i) 2-p 

_2p_ 

from below by m*(a+» , 1 ) 2_p and dp — d,^* from above by dp and dg by (3 f(x*,Ap) A(-E> 4 P ) and 
get 

< -^r (647i7 1/2 q 2 )^ (\^( B ^\ — (p/(x*,4p)) 

(A(S 4p ))^ 


2(p-l) 
2-P . 


TO 


3p 2 |/r|(i?5p) + 9|3/(x*,4p)A(S5p) 


P 

2-p 


P /( x * 4p) \(B 4p ) ^ 


2p 

< ^ (P/(x*, 4 p))* (|m|a(B4p))* = 

2 P 

= ^ (|M| A (£ 4 p(x*) X + P/(x*, 4 p))))^ 


where C = 647i7 1//2 q 0//2 (3 + 9 (3) 1//2 (3 1//2 , by which finally 


a m*+i ^ C 


. 2 ~p 

1 \ 2p 

TO* 


|M| A (5 4 p(x*) x (t* i* + p/(x*,4p))) . 


2-P 


Then for every e > 0 one can find to* such that C/m* 2 p ^ e. Then we consider 


m ^ 


647i7 1 / 2 q 5 / 2 (3 + 9 p) 1//2 \ 


_2p_ 

2-p 


pV2 f 




and 7/1 = 
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which depends on 71 , 7 , q, e, |3, p. 

Now by (1331) we immediately get that 


A+ 

{u < r/i h} n 

B+(x*) x (t*,t* + (3 p 2 M^4p)) 

) 

A 

Bii p {x*) x (/*,/* + (3 p 2 h(x*,Ap)) 



< 


< K 


In a complete analogous way one can prove point ii). 


M + < 771 / 1 } n 

B+(x*) x + ( 3 p 2 / 7 (x*, 4 p)) 

) 

|M| A (£?4p(2 

*) x + (3 p 2 h(x*, 4p))^ 


<Ke T . 


Point in): the case where p = 0, as usual, is a bit different. Let us see a sketch of the proof. 
Integrating between t* — |3 p 2 h(x*, 4p) and t* + (3 p 2 h(x*,Ap) and using Lemma 12.121 similarly as 
before but with u = A and D = Xo\^ r p x *\, we get 


I n hr, , , p ~ 1 

^2 ^TT«m+l^ 8 7lP (A(fi4p)) p • 


(2(3 f(x*,Ap)) P p 1 


/•i* + |3/(x*,4p) 

/U* + |3/(z*,4p) 
t*—13 f(x*,4p) J B4 P 


[X(A m _i(t)) - A(j4 m (t))] dt 

y 

JB 


2-p 

2 P 


Dlu — 


\ 1/2 

^ ^ (x,t)Xdxdt\ 


ira -1 




Now estimating the part involving the gradient of u — ^ similarly as d76l) we get 

ri*+p/(z*,4 P ) 


1 ph 

2 q 


o 1 P-1 / /■* +P/t® 

2 ^TT a m+i^ 87172 (A(5 4p )) p • / [A(Vi(t)) - A(A m (t))] dt 

Z \ Jt*-P> f(x*Ap) 


2-P 

2p 


(2|3/(z*,4p))V ^ Vh 


m— 1 


-|3/0*,4p) 

3p 2 MC®5p) + 18 (3 f(x*,Ap) A(i? 5 P ) 


and proceeding as before we reach 


77 0 < L'' 

u m*+l A Cv 


x 2 ~P 

1 \ 2p 

m* 


A{B, p (x*) x (t*- |3/(x* 4p),t* + |3/(x* 4p))) 


with C' = 647i7 1 / 2 q 5 / 2 (3 + 18 (3) 1 / 2 (2(3) x / 2 . The conclusion is as before. 
Finally let us see point iv ). If B± p (x*) C Ho we have 

2^2 2 m + 1 = 2^2 ^TT^m+iW) ^ 


P-1 


< 871 p (A(-B 4p )) p 


\ i/p 

f \Du\ p (x, t) A dx ) dr ^ 

' A m — i(t)\A m (t) / 


^ (A(A m _i(t))- X(A m (t))) 


2-P 


'i? 4 „ 


D(u — 


ph 
2m— 1 y _ 


1/2 


(x, t) A(x) dx 
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Since B^ p (x*) C fio taking 
r]h 


I Bi„ 


D u- 


2 m ~ 1 


r = 5 p, r = 4p and e 
2 

(x, t) X(x) dx ^ 


0 in (I46p . we get for almost every t that 


^ 7 7.1b, ( U_ 2^i)- (x ’* )A(x)dx ^ 7 (2^i) ^7B 5p ) 

and then X(A m+1 (t)) ^ 64q 2 7i7 1 / 2 (A(A m -i(i)) - A(A m (f)))~ (A (B 5p )) 1/2 . By that we can 
conclude similarly as above. □ 


Now we state a result known as expansion of positivity. It will be a fundamental step to prove 
the Harnack inequality. 

Lemma 6.7. Consider (x*,t*) such that B$ p (x*) x [t* — 16 h(x*, Ap) p 2 , t* + 16 h(x*, 4p) p 2 } C 

nx(o ,t). 

Consider the value |3 determined in Lemma [701 and used in in Lemma E3 Then for every 
6 € (0,1) there is A > 0 depending only on 71 , 7 , q, k, (3, 9 such that for every h > 0 and u ^ 0 
in DG(Ll, T, p, A, 7 ) points i ) and ii ) are true: 

i) if p + (B p (x*)) > 0 and 

u(-,t*)^h a.e. inB+(x*) 

then 

u^-Xh a.e. in B^x*) x (t* + 9 (3 h{x*, 4p)p 2 , t* + (3 h(x*, 4/?)p 2 ); 

ii) if p-(B~(x*)) >0 and 

u(-,t*) ^ h a.e. in B~(x*) 

then 

u^-Xh a.e. in Bf p (x*) x (t* + 9 |3 h(x*, 4p)p 2 , t* + (3 /i(x*, 4 p)/ 9 2 ). 

Moreover for every (3 > 0 /or which B^ p {x*) x [t* — |3 h(x*, 4p) p 2 , t* + (3 h(x*, Ap) p 2 } C fix 
(0,T) there is A > 0 depending only on 71 , 7 , q, re, (3 such that for every h > 0 and u ^ 0 in 
DG(Ll, T, p, A, 7 ) point in) is true: 

in) if Xo(B p (x*)) > 0 and 

u^h a.e. in B p (x*) x (t* — (3 h(x*, 4p)p 2 , t* + (3 h(x*, 4p)p 2 ) 

then 

u^-Xh a.e. in B 2 p (x*) x (t* — |3 h(x*, 4p)p 2 , t* + (3 h(x*, 4p)/? 2 ). 

U B$ p (x*) C f&o there is A > 0 depending only on 71 , 7 , q, n such that for every h > 0 and u ^ 0 
in DG(Ll, T, p, A, 7 ) point iv ) is true: 

in) /or almost every t € (0, T) if 

u(-,t) ^ h a.e. in B p (x*) 


then 


u(-,t) ^ Ah 


a.e. in B 2 P (x*). 
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Proof - The proof is a consequence of Proposition 16.31 and Lemma 16.61 We start from point 
i): in Proposition 16.31 we consider m = 0, R = 4 p, r = 2 p, (3° = (3 (the value determined in 
Lemma EH and used in Lemma [(TTTT1 and belonging to (0,16]), 9° and a € (0,1) arbitrary; from 
Proposition 16.31 we derive the existence of uf € (0,1) such that if, for c > 0 an arbitrary constant, 
the following holds 


M + (^[u < c] n (S 4 p (x*) x (t*,t* + fip 2 h(x*,4p)))^J 
\M\k{b Ap (x*) x ^ p 2 h{x*,4p)) s j 

A+({« < c] n (S 4 p (x*) x + j3p 2 h(z*,4p)))) 
A^i? 4 p (.T*) x (t*,t* + |3 p 2 h(x*, 4p))^ 




then 

u^ac in B 2 + p (r*) x (t* + 9°$ h(x*, 4p)p 2 , t* + (3 h(x*, 4p)p 2 ^j . 

Now we use Lemma 16.61 consider 7 the value determined in Lemma 16.51 and used in in Lemma 
16.61 take (3 = 16 and e such that e + k e T = u 0, and conclude that there is r/i (depending on 
7 i, 7 , q, (3, 7 , and then on 71 , 7 , q, (3, 7 , a, a, 0°, but 7 depends only on 7 and q) such that 


M + (^[u < rjih) n (B 4p (x*) x (t*,t* + (3p 2 h(®*,4p)))^ 

\M\\(b 4p {x*) x (t*,t* + (3p 2 h(x*,4p))^ 

A + ^{u < rph} n (B 4p (x*) x + $p 2 h{x* ,4p)))^j 
A^S4p(x*) x + $ p 2 h{x*,4p))} 


^ i/°. 


Then 

u^ap\h in B^x*) x + 0°(3 h(x*, 4p)p 2 , t* + (3/i(x*, 4p)p 2 ^ . 

Taking 9 = 8°, a = 1/2 for simplicity and A = 71/2 we conclude the proof of point i). In the 
same way one can prove point point ii ). 

Let us see point point in). In Proposition 16.31 we consider again m = 0, R = 4p, r = 2 p, 
(3* = (3 h(x*,4p)/8 and a € (0,1) arbitrary. We derive the existence of uf € (0,1) such that if, 
for c > 0 an arbitrary constant, the following holds 


A 0 ^{ti<c} n (b 4 p {x*) x (t* — fih(x*,4p) P 2 ,t* + & h(x*, 4p) p 2 )^J < 

^ uf k{b 4p (x*) x (t* - fih(x*,4p) p 2 ,t* + (3 h(x*,4p)p 2 )^j , 

then 

u ^ ac in B^p^x*) x (t* — (3 h(x*,4p) p 2 ,t* + (3 h(x*,4p) p 2 ) . 

Now in Lemma EH take e = uf and conclude that there is 71 (depending on 71 , 7 , q, a, a, |3) such 
that 

u ^ a 71 h in L> 2 p( x *) x (t* — (3 h(x*,4p) p 2 ,t* + [3 h(x*,4p) p 2 ) . 

Taking, e.g, o = 1/2 we conclude. 
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To prove point iv) we consider m. R, r and a G (0,1) as above and use point iv) of Proposition 
m Then we get the existence of u G (0,1) such that, for c > 0, if 

A({x € B, ip (x*) | u(x, t ) < c}) ^ v X(B4 p (x*)) 

then u(x,t) ^ ac for a.e. x € B 2 p (x*). Using Lemma [6761 we conclude as above. □ 


7. The Harnack type inequality 

The following theorems (Theorem 17.11 and Theorem 17.211 are the main results of the paper. 


Theorem 7.1. Assume u € DG(£l, T, p, A, 7 ), u ^ 0, (x 0 , t„) £ SI x (0, T) and fix p > 0. 

i) Suppose x 0 € U+ U /+. For every d + G (0,1] for which B 3p (x a ) x [t 0 — h(x 0 , p)p 2 ,t 0 + 

16h(x 0 ,4p)p 2 + d+h(x 0 , p)p 2 ] C U x (0, T) there exists c+ > 0 depending (only) on 
71 , 7 , q, a, a, K,x,R\,K 2 ,K 3 ,q,g,d + such that 

u(x 0 ,t 0 )^c + inf u(x,t 0 + d + p 2 h(x 0 ,p)). 

B+(x„) 

ii) Suppose x Q G S2_ U For every d- G (0,1] for which B 3p (x 0 ) x [t 0 — 16 h,(x 0 , ^p)p 2 + 
d-h(x 0 , p)p 2 , t„ + h(x Q , p)p 2 ] C fl x (0 ,T) there exists c_ > 0 depending (only) on 
71 , 7 , q, k, a, k, t, K \, K- 2 , K 3 ,q, g, d- such that 

u(x 0 ,t 0 ) ^ c_ inf u(x,t Q — d-p 2 h(x a , p)). 

Bp (x 0 ) 

in) Suppose G S1q U I 3 . Suppose B 3p (x Q ) x [t 0 — 16 h(x 0 , 4p)p 2 , t 0 + 16 h(x 0l ^p)p 2 ] C 
D x (0, T). For every s±,s 2 for which s 2 — t 0 = t a — si ^ 16 h(x 0 , 4p)/j 2 , suppose 

s 2 — t Q — t Q — Si = tu h(x 0 , 4p)/o 2 for tu G (0,16], there is cq depending (only) on 

Ki, K 2 , K 3 , q, g, k, 71 , 7 , cu,/t(x 0 ,4p), q such that 

sup u ^ co inf u. 

B+(z 0 )x[si,s 2 ] H+(i 0 )x[si,s 2 ] 

zu J Suppose B- ip (x 0 ) C T2q. T/ien f/iere is c depending (only) on K\, K 2} K 3 , q, g, k, 71 , 7 , q 
such that for almost every t G (0, T) 

sup u(-,t)^c inf u(-,t). 

B p {Xo ) b p{xo) 

Proof - We start by proving the first of the three inequalities under the assumption that 
B+(x 0 ) 0. For some 77 ,r 2 > 0 and (x,t) G B 5p (x Q ) x [t 0 - h(x Q , p)p 2 ,t 0 + 16 h(x 0 , 4p)p 2 + 

d + h(x a , p)p 2 ] C D x (0,T) we define the sets 

^i,fc(t/ 1 r 2 )(*> £ ) 1= ( B ri (*) X , ^Mj/,r 2 )(*’^ := X [*’+ Mjh r 2 ) r l]) , 

QnMy,r 2 ) (®.t) : = (^r(z) X [i-/i(y,r-2)r-i,i]) , Qr,h{y,r 2 )^^ '■= (Br(x) X [M + /i(y,r 2 )r?]) . 

We may write u(x 0 ,t 0 ) = b p~^ for some b, £ > 0 to be fixed later. Define the functions 

!M(r) = sup u, 9f(r) = b(p — r)~^, rG[ 0 ,p). 

Q+h(x 0 ,p)( Xo,to 'l 
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Let us denote by r a € [0, p) the largest solution of fM"(r) = i^Xr). Define 

N ■= 5\ i(r 0 ) = b(p - r 0 )~t . 

We can find (y 0 ,r 0 ) G Qr r> < h(x 0 , P )( Xo ' t °') such that 

3 N 

(77) —— < sup u^N 

4 n +< < -r- \ 


where p Q € (0, (p — r 0 )/2\. If p Q ^ (p — r 0 )l 2 then B+ (y 0 ) C B P + ro (x n ). We want the value of 

Fo 2 

p 0 to be be chosen in such a way that 

Q + P oMyo,Po)^ Vo ' T ^ C { 5^k> i / l(a;o ,p)( Xo ’ to ) 

and the request p 0 ^ (p — r D )/2 may be not sufficient. We also need r 0 — h(y 0 , p 0 )p 2 0 ^ t 0 — 
h(x 0 ,p)(p + r G ) 2 /4 and this is guaranteed if 

(78) h(y 0 ,p 0 )pl h(x c ,p) 

which in turn is true, since r 2 < pr 0 , if 

Hyo,Po)p 2 0 ^ Hx 0 ,p ) ^ ^ ■ 

so we will choose p Q satisfying these two requests. Notice that this last request can be satisfied 
writing h(y 0 , p D ) p 2 = h[y 0 ,p 0 )p 2a p 2 0 ^ 1 ^ because, thanks to Remark l2.71 point C, and (H.2)' we 
have 


(p + r o ) ji 

A r 0 J 


Hy 0 ,Po)p 0 a < K 2 h(y 0 ,2p)(2p) Q ^ 

/ r >2 Im | a ( S 4 p ( x 0 )), 0 , 2a ^ 

^ n 2 777 7 \ — [ ^ 

^(-®2 p \ Uo )) 

^ 4" A'f q 2 h(x 0 , p)p 2a 

and then we have 

%o, Po)p“o < q 2 K x o, p)p 2a p 2 0 {1 ~ a) ■ 

Then (1781) holds if in particular 

(P - ? ’o ) 2 


A a Klq 2 h(x 0 ,p)p 2a p 2 ( p L a) ^ h(® 0 ,p) 


that is 
(79) 


1 1P ~ r ° 


2 q /\ 2 q P“ 2 

and it is always possible to choose p Q small enough such that (|79|) is satisfied. Therefore p a will 
be chosen satisfying 


(80) 


p 0 = mm ■ 


P - r 0 


1 1 p - r 0 


2 |_2 Q A" 2 qP Q 2 
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By this choice of p Q and by the choice of r D we have 


(81) 


sup u ^ sup U < fhi 


p + r c 


= 2 *N. 


Q P oMvo,po)^ t ^ 

We now proceed dividing the proof in six steps. 

Step 1 - In this step we want to show that there is z7 E (0,1), depending only on k, 7 i, 
such that 


(82) 

and that 
(83) 


M + ({“ > f} n Q + p ' 0 /2 Myo , Po) {yoi To)) _ 

---— > 1/ 

l M l A {ppo/2,h{yo,Po )^ Vo ' T °0 

A+ ({'“ > t) n t °)) 


> V 


Q 


+ ,< 


SVo,r 0 ) 


A ( Qp 0 /2,h{yo,Po)( y °' To )) 

\Du\ 2 Xdxdt < 97 (2^N) 2 h(y 0 , p 0 ) X(B Po (y 0 )) . 


To prove 


AC yo,po) 

hrst we show that there is v E (0,1) such that 


(84) 


M + ({u > ^} n Q~l' o / 2 ,h(y 0 ,Po)^ y °' To ^) + A+ ({“ > n ^X /2 Myo,po)( y ° ,T °)) 


A (Qpo/2,h(.Vo,Po) T °0 A ( Qpo/2,h(yo,Po) T °)) 

Argue by contradiction and suppose that (l87|) is false. Since 

Q%Myo,Po)( y ° ,T °} = X T ° ~ h ( y °’ ) h{y V 0 ° Po 0 / 2) 4 1 ’ T ° ) ’ 

Q-pA :h (y otPo ' ) (yo, T o) = {ptjL ( y o) X T o - ^(2/0, ^) h(y V 0 ° p P o%) 16’ r ° ) ’ 
setting in Proposition 16.11 


> 


m = uj = 2^N, R = —, p = — (j = l — 2 ^ a = a 1 (l-r—r 

’ 2 4 V 2«+ 2 


0 ° = - 


x° = y Q , t° = t 0 - h(y a , pc ) y , 

4 h(y 0l p 0 / 2) * 

we obtain from Proposition 16. II that 

3JV . 1 < 

111 ^^A(3/ o ,p o )^ 0,T °^ 

which contradicts (1771) . Notice that (3® E [q 1 , q]. Now by (1571) we derive that at least 
the two addends in (|84l) is greater or equal to vj 2. Now we get (|82l) by (l33l) taking 


1 fv 


v = 


K V 2 


7.C,q. 


V . 


one of 
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To prove (|83l) we use (f4T1) . In (f4lT) we choose xo = y 0 , to = t d — h(y 0 ,p 0 )pi 1 R = p Q , r = p Q , 
r = p 0 /2, e = 0, (3 = 1, 0 = |, 9 = k = 0 and since u ^ 2we get 


Q ^Mw 0 ,po) ( 2/o ’ To) 

7 


|.Dti| 2 Xdxdt ^ 


(2^N) 2 p + (/+ ^(y 0 )) + (2«iV)V (/+ 2 ° " (y Q )) + 


4 

H—o 


P+ 


^ 7 


Po jj\B+^{yo)\ x[To-h(yo,po) £ f,To]u(^I'^ (y a )j x[To-h(y 0 ,po)p%,To] K^illo, Po) 

(2 ? A0V+ (^^(l/o)) + (2*JV) 2 /z_ (/.?'* (y 0 )) 


+ A ) dxdt 


€ 


+ -^(2«IV) S 


pi 


PoP+\ Bio (i jo) + %o, Po) P D M (BJo (y, 


€ 


< 2 - 
" pI 


& N ) 2 ^t^tPoImI ( (£X( 2 P 


h(Vo, Po) 


+ 


+ 

pi 


h(y 0 i Po) 2 I I To+ / 


+ HVoi Po) P 2 o ^ ( [BtoiVo 


A 


<- 2^N) 2 h(y 0 ,p 0 )p 2 0 X(B Po ( yo )) . 

Po 

2 

Step 2 - The goal of this step is to show the existence of t € [r 0 — h(y 0 , p 0 )if, r 0 ] such that 

p+ (jx € B + o/2 (y 0 ) \u{x,t) > f }) 


V 

> r 


(85) 


IpIa (^p 0 /2(Po)) 

A + ({x € B+ >/2 {y 0 ) \ u(x,t) > f }) v 


> 


B io(yo ))^ 

“ 2 " 


A(5p o/2 (Po)) 2’ 

|Z?n(x,t)| 2 A(x)dx < ^iV) 2 A( ^° (yo)) 


Po 


To this aim we introduce the following sets (b being a positive number to be fixed later) 
A+ (t) = jz G B+ o/2 (y 0 ) u(x,t) > y j , t G [ r ° _ KVoiPo)^!^] 

j p = \ t € K - Kvo, Po)4> r o] 


Jb = < t £ [r 0 - /i(y 0 ,p 0 )x> r °] 


“2" 


P+(^ + ft)) ^ 

4, ' OJ |pU(5p o/2 (Po)) 2. 

|L>u(x,t)| 2 A(x)dx ^b(2^N) 2 X ( B P°( y °^ \ . 


Pi 
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Using (l82jl we can write 

p 2 f 

vh{y 0 ,Po)-f < / 

J Tr. 


2 P+(A+(t)) 

-h(y 0 ,p 0 )^f \p\ X ( Bpo/liVo )) 

M + o +(t) ) dt+ r 


dt = 


/f+Oj + (*)) 

hi \d\x {^po/2(yo)) J [T 0 -h(y 0) p 0 )^f ,To]\I + \p\x ( Bp o /2{y 0 )) 

^ I# I + ^Kyo,po)^ 


dt U 


by which 




Now from one hand we have (18311 . on the other 


J[ro-h{y 0 ,po) £ f,T 0 \\J b J(B+ 0 {y 0 ))^ 
T 

Then we get 


|Lht| 2 Adxdf ^b(2^N) 


2 A(H Po (y 0 )) 


Po 


P 2 1 

To - h(?/ 0 ,p 0 )-pT 0 J \ J b 


\Jb\ S? h(y 0 ,p 0 )^ ^1 - . 

Choosing b > 367 this inequality is not trivial. Choosing, e.g., b = 1447/77 one gets 


I it n J b | = |/+| + \J b \ - |/+ u j b \ > 7 HvcPo) 


Po 


Step 3 - Here we show that for every <5 € (0,1) there are 7 £ (0,1) and y* £ Bp 2 (y Q ), y = 

y(K l7 K 2 ,q,K 3 ,q,5), y* = y*('y,2^N,V,K l ,K 2 ,q,K 3 ,^,S) = y*('y,2^N,K,'yi,q,K l ,K 2 ,q,K 3 ,^,8), 

such thut By, po {y*) C Bt, ( y a ) and such that 
' 2 2 

(86) p+ ({«(•,*) < jj nB,ai(y*)j < 

To see that it is sufficient to use the informations of the previous step and to apply Lemma 12.141 
to the function 2 u/N with u = A, v = \p\\, £ = 1/2, p = p 0 , xo = y 0 , B = B~ j 2 (y 0 )., a = p a / 2, 

a = /3 = (2^N) 2 and we get 

P+ nfi,s(|/’)J > (1 - S) p + (B v f^{y*)) 

which is equivalent to (ISfU) . Notice that y depends on K 3 , K 2 ,q, K 3 ,s, the constants of the 
weights, 5 and not on the value N. 

Step 4 - Here we show that an estimate like that of the third step can be established also in a 
cylinder. Precisely we show that for every <5 £ (0,1) there is x £ B 71 p^_(y*), e £ (0,1) which will 

depend only on <5 and q, and s* = (ey p 0 /4) 2 h(x,ey^-) such that (t,8,y,p 0 as above) 

(87) M + < y j n (B £V p±(x) x [t,t + s*])^ ^ 5 M + (B £T] m(x) x [t,t + a*]) . 
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Notice that x implicitely depends on y* and 6 and then x depends on 7 , 2 ^N, k, 71 , q, K\, K 2 , Q, K 3, <5, <5. 

To see this we consider e E (0,1) and a disjoint family of balls {B erj p^ (xj)} 1 Jt ll such that 

B £V p± (xj) C B v £ 2 _ (y*)) for every j = 1,..., m, and 

m 

B v ^(y*) C \J B er) ^{ Xj ) C B v ^(y*) 

3 =1 


and define 

s* ;= (er/^/4 ) 2 h (xj,er]^ . 

If necessary one can choose e small enough so that t + s* < T. We apply the energy estimate 
()44l) to the function (u — N/ 4)_ in each of the sets B eri p^.(xj) x [t,t + s*]. Since B v Po (y*) c n+ 
we get 


sup / 


N 

u —— ) ( x,t)fi + (x)dx ^ 




’B^eoixj) 


u—^r | (x, t)n + (x)dx + 


nr 

V Po Jt Je 


B e v ^ x i) 


N . \ 1 1 

u ——| A dxdt 


and summing over j and using 


m 

Y su p , 

j =1 t£\t,t+8*.\ JB eri Po(xj) 


(x, t)fi + (x)dx ^ 


L 

t 

<[ :nn 

< -jj + 


B ev £o{xj) 


N 

u —— ) A dxdt ^ 


3 =1 ' 

/i ,^2 2 

^+(^( 2 /*)) + ^ - e 2 7 2 g h (xj,ey^ q A(5^(>,•)) 




AT 2 , 


16 




AT 2 - o- n /V 2 r 2 

< q — 5 Wa(b, ¥ (»*))) + M < 


16 


3 =1 


Al 2 

^ q^-(^ + 7£ 2 )I^U(-B ?7 ^(2 / *)) 


On the other side, defining 
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we easily get (for t € [t, t + s*]) 

f / N \ 2 N 2 

(x,t)p + (x)dx ^ 

Now putting together these inequalities we get 

/vr 2 m / r 7\r 'i _ \ 

— ^ |M| A N u ^ | n (H £ „£° ( Xj ) X [t, t + s*}) J ^ 

j =i \ t t / 

N 2 - m / \ 

< <\ 1 £2 )^2\ M \\{ B v ££(y*) x [M + «j]) ■ 

3= 1 



Once <5 G (0,1) is chosen we consider e and <5 in such a way that 

4q (5 + 7£ 2 ) < 5 


and then we get 



Notice that s* depend on e and consequently on the choice of 6. To find a cylinder, independent 
of 5, in which the estimate above holds true notice that, whatever the choice of 5, by the last 
inequality at least one among the x/s has to satisfy (1571) . We call x that Xj and s* := s* . 

Step 5 - Here we show that 


( 88 ) 


N 

u ^ — 

16 


a.e. 


in B er] P^(x) x 


t + 


(£ ” p ° )2 h(x,e v ^),t + ft (j,a,£2) 


32 


First notice that e depens only on 5 and q. By (1H71) and (|33l) we also get 

(89) A Qu ^ O (B £ 7 J po(x) x [ij+s*])^ ^ k<TA (B S 71 eo(y*) x [tj+s*]) . 

Now we want to apply Proposition ^. 31 so first notice that, by the choice of x and p Q , since u ^ 0 
and by (1921) we have, choosing e even smaller if necessary so that t + s* < r D , that 


osc _ _ ^ 2 . 

B er) Po(x)x[t,t+s*} 


Then taking in Proposition 16.31 point i), the following values 

m = 0, lo = 2 ^N, r = etR = et 

8 4 

x° = x, t° = t, (3° = 1, 

11 1 flO 1 

8 2 * 2 ’ 2 

we have the existence of u°, which in this case depends only on k, 71 , 7 , such that if 
M+ ({« < f} n (B £ 7 J ^(x) x [t,i + s*])) a({u^ f}n (B ert ^_(x) x [i,i + s*])) 

Af+ (£ e)7 £p (x) x [t, t + S*]) + A {B £V po (x) X [t,t + s*]) 
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then (l95|) holds. Then, by <(871) and (l89l) . it is sufficient to choose 5 in the fourth step in such a 
way that 

<5 + k <5 T = 

to get that (|95l) holds (so 5 depends only on a, 71 , 7 , k,t). 

Step 6 - Now, starting from (l95l) . we are in the conditions to apply the expansion of positivity. 
Before going on we recall the dependence of some parameters that are involved (and that we 
will need): 

n = v(Ki,K 2 ,q,K 3 ,<;,5) = rj(Ki,K 2 , q, if 3 , s, <5, T, q) = 77 (^ 1 , K 2 , q, K 3 , <7 k, 71,7, k, q), 

£ = £ (S) = e( 5 ,q) = e(/e,7i,7, K,T,q), 


We call just for simplicity 


r := ° and s := t + 4 h(x, er]^f\r 2 

8 V 4 / 


In Lemma 16.71 we consider 


x* = x, t* = t + 


{eyPo? 

16 


h[ x, £ 7^-7 ) = s, p = r, h = 


N 

16’ 


and get that there is (3 depending on 7 and for every 6 there is A > 0 depending on 71 , 7 , q, k, (3, 9 
such that 


A N 
u ^ A — 
16 


a.e. in B^rix) x s + 6 (3 h(x, 4?’)r 2 , s + |3 h(x, 4r)r 2 


Since this holds for every t € [s + 6 |3 h{x , 4r)?’ 2 , s + (3 h(x. 4r)r 2 ], applying again this lemma we 
reach 

u ^ A 2 ^ a.e. in Bf r (x) x s + 0 (3 (h(x, 4r) + 4h(x, 8 r))?’ 2 , s + |3 (h(x, 4r) + 4/i(x, 8 r))r^ 
Iterating this arguement m times we get 


u ^ ^ a ‘ 6 ' in jB 2 m r( a: ) x 


+ #j3r 2 ^ 4 J 1 /i(a:, 2 J+ 2 r), s + (3 r 2 ^4 J 1 /i(x,2 J+2 r 
i=i i=i 


Now we define the quantities (m € N is still to be fixed) 

m 

s m := s + 8 (3 r 2 ^ 4 J_1 /i(x, 2 - 7 + 2 r), 

3= 1 

m 

f m := s + (3 r 2 ^ 4- 7_1 /i(x, 2- 7 + 2 r). 
j'=i 

Since x € B p {x 0 ) requiring that 2 m r ^ 2p provides that L> 2 m r (x) D B p (x 0 ) so we require that 
m is such that 


(90) 


2 p ^ 2 m r < 4p, i.e. 1 + log 2 - < m < 2 + log 2 - . 
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What we have still to fix in the times interval is the value of 6 and moreover the values of b and 
£. Now notice that for every x, y £ fl and g > 0 such that B 2 e (x) C hi and B 2Q (y) C and such 
that \x — y\ < g we have 

Ma (B e (x)) < | n\ x {B 2e (y)) < qp\ x(B e (y)) 

H B e(y)) < K B 2 g(x)) ^ q\(B g (x)) 

by which we derive 

h(x, g) < q 2 h(y, g). 

Then, using this last estimate, (H.2)' (see also Remark 12.71 point C) and (l90l) we can estimate 

m m—1 

^ 4 J_ 1 r 2 /r(x, 2 J+ 2 r) ^ q 2 ^ 4- ? r 2 /i(x 0 , 2- ?+ 3 r) = 


j =i 


3=0 

2 m—1 

51 ^(4^ 3 r 2 ) 1 -“(4 j+3 r 2 )"/ l (x 0 ,2 J+3 r) st 
4 i=o 
2 m ~ 1 




4 3 


(4^+ 3 r 2 ) 1 -“iA' 2 2 (4 m+ 2 r 2 )"h(x 0 , 2 m+ 2 r) 


3 =0 


m—1 


A^|(4 m+ 2 r 2 )"/i(x 0 ,2 m+ 2 r) J](4 3 r 2 ) 1 - Q (4 1 - Q ) j ^ 

3 =0 






4 3 
q 2 A 2 


4 — 4" 


2 4 m r 2 h(x D ,2 m+ 2 r) < 
p 2 h(x 0 ,p) 


4-4" 
4q 6 A 2 2 


by which 


- ~ 4 q 6 A ' 2 

Sm ^ S + 0 |3 -- -7 p 2 h(x 0 , p). 


4-4" 

Now for a fixed constant $+ € (0,1] we can choose 

4-4" 1 




4 |3 q 6 K 2 

indipendent of m, and, since s <t 0 , we get 

s m < t Q + d + p 2 h(x 0 ,p). 

Notice that once 0 is fixed A depends only on 71 , 7 , q, k, (3. By the choice of m and recalling the 
definition of N we have 

a.e. in B (x G ) x [s m , f m ] . 


u> \ r 


16 


By the choice we made of p Q in (|80|) we have that 


or 


p-r D 2 p 0 


either 


1 1 1 


p-r Q 2 1+ " q A 2 p a pi 


,ol _ 1 —a 
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Then, by the definition of r and since u(x 0 ,t 0 ) = bp in the first case we get 

u(x, t) > -^r— ^ 6 = ( 2?A ) m “(*o, to) a - e - in B +(® D ) x [s m , i m ] 

In the second we get 


A m 

u(x, t ) ^ ——6 


16 \2 1+ “ q A 2 J P ai A 8 


1 (er}\Q--*)ti (2 m \ {l ~ a)i 

w 


= ( 2 (i-a)€ A )m j, 


( er /)^ 1 1 

( 2 6 - 4 Q qA' 2 )^ 


/V „\( 1 —a)f; 

= (2 (1 “ Q) «A) m ^ 2 6-4 q “(*°> *°) a - e - in ( x °) x [ Sm ’ M • 

So we can get rid of the dependence of m choosing now £ in such a way that 

2 ? A = 1 in the first case, 

2 ( 1 -«)«a = 1 in the second case. 

Since r depends on p 0 , which depends on r a , which depends on £, once we have fixed £ we have 
also chosen the value of r, and consequently of m. Summing up, we have reached 

u(x,t) > c 0 u(x 0 ,t 0 ) a.e. in B+(x a ) x [s m ,t m ] 

with s m < t Q + $+ p 2 h(x 0 , p), where 


c„ = 


(ep)« 


or 


Co = 


(eryji 1 


2 6 «+ 4 ” ” ( 2 6 - 4 “qA 2 )«' 

By the dependence of rj, e and £ and since A " 2 depends only on A " 2 we have that 

c 0 depends on 71 , 7 , q, n, (3, a, k, t, A'i, AT 2 , AT 3 , q, ? . 

Now we are done if f m ^ A + $ 4 - p 2 h(x 0l p) and the constant c + is c Q . 

If, otherwise, t m < t Q + i?+ p 2 h(x 0l p) we consider 

f € [s m , t m ] such that £ + 0 |3 h(x 0 , 4p)p 2 ^ t D + 1 9 + h(x 0 , p)p 2 . 

By (1361) this is true, taking if necessary 6 smaller, if 

q 2 (3 

Applying again Lemma [6771 and since u(x,t ) ^ c 0 u(x 0 ,t 0 ) a.e. in B+(x a ) x [s m ,i m ] (and then 
also in £> A 4 (x 0 ) x [s m ,t m ]) we get, in particular, that both 


TM 


(x,f) ^ Ac 0 Ti(x 0 ,t 0 ) a.e. in K£(x 0 ) x t + 0 p /i(x 0 ,4p)p 2 , t + (3 /t(x 0 , 4p)p 


and 


tt(x, t) ^ A c 0 u(x 0 , t 0 ) a.e. in B\ 2 {x 0 ) x t + 0 (3 h(x 0 , p)p 2 /16, t + (3 h(x 0 , p)p 2 /\6 
then in particular 

u(x,t) ^ \c 0 u{x 0 ,t 0 ) a.e. in L>j"(x 0 ) x t + 0 (3 h(x Q , p)p 2 /16, t + (3 /i(x 0 , p)p 2 /l6 
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Repeating this argument for every t in i + 0 (3 h(x 0 , p)p 2 / 16, t + (3 h(x 0 , p)p 2 /16 we get 

u(x,t) ^ A 2 c 0 u(x 0 ,t 0 ) a.e. in B+(x 0 )x t + 20 (3 h(x Q , p)p 2 /16, i + 2(3 h(x Q , p)p 2 /W . 

If necessary, we add the requirement 20 < 1 so that t + 20 |3 h(x 0 , p)p 2 / 16, t + 2(3 h(x 0 , p)p 2 /16 D 
t + 0 (3 h(x 0 , p)p 2 / 16, £ + (3 h(x a , p)p 2 /16 / 0. Going on, we get 

u(x,t) > A 3 c 0 u(x 0 ,t 0 ) a.e. in Rj"(x 0 ) x t + 3 0 (3 h(x Q , p)p 2 /16, t + 3(3 h(x 0 , p)p 2 /W 

requiring 30 < 2, which is free since we already imposed 20 < 1. We iterate k times, without 
additional assumptions about 0, till t + k (3 h(x 0 , p)p 2 / 16 > t Q + i? h(x 0 , p)p 2 and get 

it(x, t) ^ A fc c 0 u(x 0 , t Q ) a.e. in Bj"(r 0 ) x i + k 0 (3 h(x a , p)p 2 /16, t + k (3 h(x Q , p)p 2 /16 . 

Since t 0 — t > h(x 0 ,p)p 2 , the inequality 

k (3 

i + - 7 T h{x 0 , p)p 2 >t Q + ‘d+h(x 0 , p)p 2 

16 

holds if we choose 

16 

k > ™ (1 + i?+). 

|3 

For instance we can choose (1 + $+)] + 1, the minimum integer greater that ^ (1 + 1 ? + ) and 

the constant c + is A fc c„, where k depends only on |3 and i? + . Since (3 depends only on 7 we 
conclude that c + depends (only) on 

7 i, 7 ,q,K,a, k,t, K 1: K 2 , K 3 , q, q, d + . 

In a complete analogous way one can prove point ii). 

We see now point in ). Since si and .sq will remain fixed in the following we will use the simplified 
notations, for some r > 0 and x € D, 

Qr(x) := B° r (x) X [si, s 2 ] , Qr(x ) := S r (x) X [si,s 2 ] • 

Similarly as for point i ), we may write u(x 0 ,t 0 ) = b p~^ for some 6 , £ > 0 to be fixed later. 
Define the functions 

M(r) = sup u, %C(r) = b(p — r) - ^, r€[ 0 ,p). 

QrOo) 

Let us denote by € [0,p) the largest solution of !M(r) = 5\£(r). Define 

N := = b(p - r 0 )~ ? . 

We can find € B^ o (x 0 ) such that 

3N 

(91) —— < sup u^N 

4 Q°p 0 (vo) 

T 
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where p 0 = (p — r 0 )/2 , so B po (y 0 ) C B P + ro (x„). By this choice of p a and by the choice of r Q we 
have 

(92) sup 74^ sup u < \ ~7° ) =2 '$N. 

Q° Po (y°) Q° P +r 0 ( x °) V 2 / 

We now proceed dividing the proof in four steps. 

Step 1 - In this step we want to show that there is z7 £ (0,1), depending on re, 71,7, such that 

A ° ({“ > Y } n ^Po/2^ 0 )) >vA {QpoMVo)) 


and that 

(93) [[ \Du\ 2 Xdxdt < 7 (2^iV) 2 +4") (s 2 - Sl ) X ( B P°( y °^ . 

JjQ° o/2 (y 0 ) \ a> J pi 


Arguing by contradiction we immediatly get the first inequality: indeed if that were false, setting 
in Proposition 16.11 point in), 


m = oj = 2^N, 

x* = y 0 , 

we would get that 


r> P° P° 1 r) — £ — 1 

r= ~2’ P = T’ a = 1 ~ 2 > 


a = a 


-1 


1 - 


f* — f 

L - Uq , 


P* = 


8(S2 - to) 

Po 


Sl = S 1 


2«+ 2 

s 2 = s 2 j 


74 ^ 


3 N 

~T 


in B 0 po/A (y o ) x (si,s 2 ) 


which contradicts (19T1) . To prove (fTTTTl) we choose in (1731) xq = y a , R = p 0 , r = p Q , r = p D / 2, 
e = 0, k = 0 and since u ^ 2^N we get 



0 ,(!/«.) 


\Du\ 2 X dxdt ^ 


Po/2 

< 7 


( 2 ^N ) 2 \p\ (Iq ’ 2 ( 7 / 0 )) + ~2 [[/ \ u 2 \dxdt 

V ' PoJJ(B^y 0 )) - x [ai , S2 ] 

(2«iV) 2 |H (#-(t/ 0 )) +(2ZN) 2 ±2 W h(x 0 Ap)p 2 \(B Po (y 0 )) 


< 7 

< 7 (2^ IV) 2 
= 7 (2^N) 2 
^ 7 (2^N) 2 


8 cu 


|pU(5 Po (y 0 )) + — h,(x 0 , 4p)/? 2 A (B Po (y 0 )) 
Po 


, / \ 8 cu , . . . 

h{y 0 ,p 0 ) H 5- h(x 0 ,4p)p 

4K 2 q 2 h(x 0 ,4p)^j + ^7/i(x 0 ,4p)p : 
Po Po 


\[B Po (y 0 )) ^ 

21 A(5 Po (y 0 )) . 




Step 2 - Here we show that for every <5 € (0,1) there are 7 € (0,1), which will depend only on 
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K 1 ,K 2 ,K 3 ,q, q, 5, and y* € B® o / 2 (y 0 ), which will depend only on 7 , 2^N, v, Ki,K 2 ,I\ 3 , q, <7 cu, 5 
(<6 will be chosen depending on k, 71 , 7 , cu h(x 0 ,4p))), such that B vpo / 2 (y 0 ) C / 2 (y D ) and 


(94) 


A ({“ ^ t} n (^(^*))) < <5 A {Q v eo(y*)) 


Indeed by Step 1 and applying Corollary 12.171 to the function 2 u/N with cu = u = A, e = 1/2, 
P = P 01 xo = y a ,B = B i] po/2 (y 0 ), a = p a /2, a = si, b = s 2 , a = V, (3 = 7 ( 2 5 IV ) 2 (2 K% q 2 cu ” 1 + 4) 
we get the existence of B ri ^.(y*) C B 0 pa j 2 (y o ) such that 

A ({u > -\n {Q^(y*))) > (1 - S)HQr,&iv*)) 


which is equivalent to (1H71) . 
Step 3 - Here we show that 


N 

(95) u > — a.e. in Q v ee.(y ). 

Now we want to apply Proposition 16.31 so first notice that, since u ^ 0 and by 

osc < 2 . 


we have that 


Q v po(y*) 


Then taking in Proposition 16.31 point in), the following values 


m = 0 , 


x = y 


CU 


|3* = 8 cu h(x 0 , 4 p) 


= 2^N, 
t* = t 0 , 
P 1 


r = rj- 


,Po 
4 ’ 


9 9 ’ 

TPo 


Si = si 

1 1 

42C 


p Po 
' 2 

s 2 = s 2, 


(7 = 


a = 


A < u ^ 


we have the existence of u* € (0,1), which in this case depends only on k, 71 , 7 , cu h(x 0 ,4p), such 
that if 

AT 1 \ 

n (Q v Ps.(y*))j < u* A(Q ri eo(y*)) . 

then (1951) holds. Then it is sufficient to choose <5 = u* (so <5 depends only on k, 71 , 7 , cu h(x 0 , 4 p)). 
Step 4 - Now we want to apply the expansion of positivity. We call, for simplicity 

Po 


r := 77 - 


Taking in Lemma 16.71 point iii), 
we get that 

, N 
u ^ A — 


p = r, 


(3 = cu 


a.e. in B% r (y*) x [si,s 2 ] 

O 

with A depending on 71 , 7 , q, k, cu. Now taking in Lemma 16.71 point iii), 

p = 2r , |3 = cu 

we get that 


74 > A 2 


N 


a.e. in B% r (y*) x [si,s 2 ] . 




78 


FABIO PARONETTO 


We iterate this argument m times getting 

u ^ A m ^ a.e. in B 2 m r (y*) x [si, s 2 ] 

O 

till B 2 ^ r {y*) D B p (x 0 ) and this is guaranteed if 

2 p < 2 m r < 4p. 

As done before, observe that 

8 A 8«+ 1 (2 m r)«^ A 8^(4^ 


= (*A)' 


2 5 «+ 3 


u(x 0 ,to ) • 


Then, as before, choosing £ in such a way 2^A = 1 we get rid of the dependence of m and then 
in particular we get 

u(x,t) > cou(x 0 ,t 0 ) a.e. in B°(x 0 ) x [si,s 2 ] 

where Co = depends (only) on K\, K 2 , K%, q, g, k, 71 , 7 , tu, h{x a , 4p), q, the constants by 

which A and r/ depend. 

Finally the proof of point iv) can be obtained similarly to that of point in), using in the or¬ 
der Proposition 16.II point iv), Lemma [2. 141 Proposition ^. 31 point iv ), Lemma [6.71 point iv). □ 


The previous theorem has an immediate consequence which we state here below. 


Theorem 7.2. Assume u € DG{Pt, T, p, A, 7 ), u ^ 0. Fix p > 0 and d E (0,1] for which 
B^p{x 0 )'K[t 0 —lQh{x 0 ,Ap)p 2 — 'dh{x 0 ,p)p 2 ,t 0 +lQh{x 0 ,Ap)p 2 +dh{x 0 ,p)p 2 } C f2x(0,T). Suppose 
x 0 € I. Then there exists c > 0 depending on 71 , 7 , q, k, a, k, t, I\\, K 2 ,K%,q, g, 1 } such that 


where 


u{x) 

u(x) 

u{x) 

u(x) 


u(x 0 ,, 

to) ^ c inf u(x 


B p (x 0 ) 

u(x,tc + '&h(x 0 ,p)p 2 ) 

ifxe B+{x Q ) 

ch 

CL 

0 

1 

0 

HO 

s 

if x e B~(x 0 ) 

u(x,t a + '&h(x 0 ,p)p 2 ) 

ifxe B+(x 0 ) 

u(x,t 0 ) 

if x E B°(x 0 ) 

u(x,t 0 - idh(x 0 ,p)p 2 ) 

if x E B~(x 0 ) 

u(x,t 0 ) 

if x € B Q p (x 0 ) 

u(x,t Q + '&h(x 0 ,p)p 2 ) 

ifxeB+ (x 0 ) 

u(x,to - •dh{x 0 ,p)p 2 ) 

if x E B~ (x 0 ) 

u(x,to) 

if x € 5°(x 0 ). 


if x 0 e/ + n/_, 
if x o ei + ni 0 , 
if x o E/_n/ 0 , 

if x 0 e i + n I- n J 0 . 


Proof - By Theorem 17.11 we immediately get the result taking 1 ? = i?_|_ = and c = 
max{ c + , c_, cq }. □ 
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One can give many different and equivalent formulations of the classical parabolic Harnack’s 
inequality. We conclude giving only one possible equivalent formulation, which can be proved 
by standard arguements, to the one given above. Under the assumptions of Theorem 17.21 one has 
for u E DG, u ^ 0, and for instance for x 0 E <9H-|_ n (9fio O <9H_ (and with obvious generalization 
in the other cases) 


(96) 


sup u(x) ^ c inf u(x,t 0 ) 

B p {x a ) B p ( Xo ) 


where u(x) 


u(x,t 0 -'dh(x 0 ,p)p 2 ) 
< u(x,t 0 + dh(x 0 ,p)p 2 ) 
u(x,to) 


if x E B+(x 0 ) 
if x E B~(x a ) 
if x E B Q p (x 0 ). 


Some consequences of the Harnack inequality - An important and standard consequence 
for a function satisfying a Harnack’s inequality is Holder-continuity. By classical computations 
and assuming (if necessary taking 7 bigger) 


one can get that if u E DG(Q, T, p, A, 7) then u is locally a-Holder continuous with respect to x 
and o;/2-H61der continuous with respect to t, where a = (log 2 7^7); i n (^+ U U /) x ( 0 ,T). 
As regards Ho w e can only get that for every t E (0,T) u(-,t) is locally a-Holder continuous in 
Ho- Notice that in the interface I separating Ho and H_|_ U H_ the function u is regular also with 
respect to t. 

Another consequence is a strong maximum pronciple, which one can get, again by standard 
arguement, using (1961) . One can derive a “standard” maximum principle from Theorem 17.11 
which we do not state, and others from Theorem E2J 

If, for instance, we suppose x Q € <9H + D <9Ho D 9H_ (and again with obvious generalization in 
the other cases) we could briefly state the maximum principles as follows: suppose (x 0 ,t 0 ) € 
H x (0, T ) is a maximum point for u in a set 

( B+ (x 0 ) x (t 0 - $ h(x a , p)p 2 ,t 0 + 'd h(x a , p)p 2 )) U B 0 p (x o ) x {t 0 }^j U 

( U B~(x 0 ) x (t 0 -dh(x 0 ,p)p 2 ,t 0 + ’&h(x 0 ,p)p 2 ) S ) 
for some 1? E (0,1], then u is constant in the set 
( B+(x 0 ) x (t 0 - dh(x 0 ,p)p 2 ,t 0 ] s j U ( B° p (x 0 ) x {t D }^ U B~(x a ) x [t Q , t Q + 1? h(x a , p)p 2 )J ■ 
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8 . Examples 

In this section we show some possible examples of /u (and consequently of I) and A. In all the 
examples, just for simplicity, we suppose 12 C R 2 . 

1. In the simplest situation when /jl = A = 1 we get the classical case in which the De Giorgi 
class contains the solutions of 

du 

— — div(a(x, t , u, Du)) = b(x, t, u, Du) 

with a, b satisfying 


(a(x,t,u, Du), Du) ^ X\Du\ p , 

\a(x,t,u, Du)\ ^ h\Du\ p ~ l , 

\b(x, t, u, Du )| ^ M\Du | p_1 , 

with A, A, M positive numbers. Obviously if /r = — 1 we have the analogous results for 
backward parabolic equations. 

2. If = 0 and A = 1 we have a family (in the parameter t) of elliptic equations for which one 
cannot expect regularity in time, neither for “solutions”. The same may happen if Ho is a 
proper subset of 12 . 

For example, in dimension 1 consider the solutions of 

4- ( a ( x ^)j^] = 0, u(0) = 0 , u{2) = 1, 

(JjJb \ ilJb J 


with 

a(x,t) = a(t) in [0,1] and a(x,t) = f3(t) in [1,2] 

with a(t) 7 ^ /3(t) for every t and a and /3 discontinuous. The solutions are clearly discontin¬ 
uous in time for x £ ( 0 , 2 ). 

3. If /r > 0 and A > 0 we have the Harnack’s inequality for doubly weighted equations, like for 
instance 

(97) /r — — div(A Du) = 0 . 

In the particular case fi = 1 we rescue the result contained in [5] (and also contained in }29]). 
while if /u = A we rescue the result contained in j7j. 

4. Consider now an example where for simplicity \n\ = A = 1 in 12, but ^ ^ 1. Suppose, for 
instance, that /i changes sign around an interface like that in the first of the two following 
pictures where I is a cross intersecting in a point x Q . This kind of interface clearly sat¬ 
isfies assumptions (H.4) and (H.5) and then also in a neighbourhood of the points ( x Q ,t ), 
t € (0,T), the solution, e.g., of (1971) is Holder-continuous. 

Also an interface like that shown in the second of the two following pictures is admitted. 
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5. Consider /i ^ 0 and, for simplicity, suppose that fi takes only the values 1 and 0. in the 
pictures below there are two simple examples: in the first one the interface is made by just a 
line, in the second one is made by two intersecting lines. In both cases a function belonging 
to the De Giorgi class turns out to be Holder-continuous in (f)+ U I) x (0, T). In particular 
it is continuous in the interface I both in x and £, even if it could not be continuous in fio 
as shown in the second example. 


M = 


1 




= 0 


M = 


1 




= 0 


M = 


0 


= 


1 


6. Also some cusps like the one in the picture below can be admitted, provided that assumption 
(H.4) is satisfied. For example, suppose (part of) the interface is that in the picture below 
and the vertex is the point (0,0) and suppose /i ^ 0. If /i+ satisfies (H.4) then we are in the 
assumptions and the theorems of Section [7] hold. 
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For instance, suppose A = 1 and consider //, = — 1 on the left of the curve and /i = 1 on the 
other side of the curve which is the union of the graphs of f(x ) = x n and g(x ) = — x n for 
x G [0, L], L > 0, and neN, n)l, We have that 

/x + (R 2p (0,0)) ^q M+ (R p ((0,0))) 


for some q depending on n. 

While if, for instance, we consider f(x) = e~ l ^ x and g(x) = —e~ l ^ x the above inequality 
does not hold any more. 



If we consider different g, i.e. g which can degenerate to zero, the geometry of the interface 
can change depending also on how the weights \g\ and A degenerate near the interface. 

7. The final example is the following: again for simplicity suppose \g\ = A = 1 in R 2 and 
suppose // = 1 in the region above the graphic of /, which we will call and g = —1 in 
the region below the graphic of /, which we will call fl_, where 

f(y) = y cosi (/(0) = 0). 

In spite of the fact that the length of the graphic inside the ball B := 7>i(0,0) is infinite, the 
measure (the 2-dimensional Lebesgue measure C 2 ) of the e- neighbourhood of I is of order e 
and then going to zero when e —> 0 + . Moreover, due to the simmetry of the graphic of / we 
have that 

g + {B 2p ( 0,0)) = l ~C 2 {B 2p { 0,0)) ^ i cC 2 {B p (0, 0)) = l -cg + {B p ( 0,0)) 

where c denotes the doubling constant for C 2 . Therefore also in this case assumptions (H.4) 
and (H.5) are satisfied and even if / is not rectifiable can be an admissible interface. 
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0,6 
0,4 
0,2 
0 

- 0,2 
-0,4 
- 0,6 

-0,6 -0,4 -0,2 0 0,2 0,4 0,6 
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